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1 ͸͡Ίʹ

ϕʔςԾઆͱ͸ɼҰࢠྔݩ࣍ଟମܥͷϋϛϧτχΞϯΛର֯Խ͠ɼΤωϧΪʔݻ༗஋͓Αͼݻ༗ঢ়ଶΛີݫʹ

ɽ͏ߦ੒͢Δख๏Ͱ͋ΔɽຊςΩετͰ͸ɼ͜Εʹ͍ͭͯͷೖ໳తղઆΛߏ

ϕʔςԾઆ͸ݩʑɼϕʔς͕ 1931೥ʹɼϋΠθϯϕϧΫ໛ܕͷݻ༗஋ɼݻ༗ϕΫτϧΛٻʹີݫΊΔख๏ͱ͠

ͯ૑ͨ࢝͠΋ͷͰɼࡏݱͰ͸࠲ඪϕʔςԾઆͱݺ͹ΕΔ [1]ɽຊςΩετͷલ൒Ͱ͸ɼϋΠθϯϕϧΫ໛ܕΛগ͠

֦ுͨ͠ XXZ໛ܕΛ༻͍ͯɼ࠲ඪϕʔςԾઆΛղઆ͢Δɽ࠲ඪϕʔςԾઆ͸ɼϕʔςܕ೾ಈؔ਺ͷ෺ཧతඳ૾Λ

ඳ͖΍͍͢ͱ͍͏ར఺͕͋ΓɼϕʔςԾઆΛॳΊֶͯͿͷʹదͨ͠ϧʔτͰ͋Δ͕ɼ໛ܕͷՄղੑͷഎܠ͸໌Β

͔Ͱͳ͍ɽ࠲ඪϕʔςԾઆʹ͓͍ͯ͸ɼଟମͷࢄཚ͕ 2ମࢄཚͷੵʹ͔͚Δ͜ͱ͕ຊ࣭తͰ͋Γɼ͜Ε͸ࢄཚͷ

લޙͰӡಈྔͷ૊͕ෆมͰ͋Δ͜ͱͷ݁ؼͰ͋Δɽӡಈྔʹର͢Δ͜ͷ੍͍ڧ໿͸ɼΤωϧΪʔͱӡಈྔͷอଘ

ଇ͚͔ͩΒ͸ಋ͔ΕͣɼΑΓ͍ߴରশੑͷଘ͕ࠦࣔ͞ࡏΕΔɽ

͜ΕΛ໌֬ʹͯ͘͠ΕΔͷ͕୅਺తϕʔςԾઆͰ͋ΓɼຊςΩετͷޙ൒Ͱղઆ͢ΔɽҰൠʹ dܥࢠྔݩ࣍͸

d+ ରԠ͢Δ͜ͱ͕஌ΒΕ͓ͯΓɼຊςΩετͰ͸ʹܥయݹݩ࣍1 XXZ໛ܕʹରԠ͢Δ ܕ໛ֶྗܭయ౷ݹݩ࣍2

Ͱ͋Δ 6௖఺໛ܕΛऔΓѻ͏ɽ6௖఺໛ܕͷసૹ͕ྻߦɼରԠ͢ΔྔܥࢠͰ͋Δ XXZ໛ܕͷແݸݶͷอଘྔͷ฼

ؔ਺ͱͳ͓ͬͯΓ (ࣜ ΔɽݟͰ͋Δ͜ͱΛڌՄղੑͷ͕ࠜࣜ܎র)ɼͦͷͨΊͷ৚݅ͱͯ͠Yang-Baxterؔࢀ(3.19)

2 ϋΠθϯϕϧΫXXZ໛ܕͱ࠲ඪϕʔςԾઆ

2.1 ໛ܕͷఆٛ

εϐϯݩ࣍1 1/2ϋΠθϯϕϧΫ XXZ໛ܕ͸ɼҟํੑύϥϝʔλ∆Λͯͬ࢖ɼϋϛϧτχΞϯ

HXXZ =
L∑

n=1

[
1

2
(S+

n S−
n+1 + S−

n S+
n+1) +∆

(
Sz
nS

z
n+1 −

1

4

)]
(2.1)

Ͱ༩͑ΒΕΔɽͨͩ͠ɼޙͷࢉܭͷ౎߹্ɼਅۭঢ়ଶ | 0 ⟩ := |↑↑ · · · ↑ ⟩ͷΤωϧΪʔ͕θϩʹͳΔΑ͏ʹఆ਺−1/4

ΛՃ͑ͯ͋Δɽ͜͜Ͱ͸ɼपڥظք৚݅ SL+1 = S1Λ͑ߟΔɽεϐϯ 1/2ԋࢠࢉ͸ύ΢ϦྻߦΛͯͬ࢖ Sα = 1
2σ

α

(α = x, y, z)ͱॻ͚ɼঢ߱ԋࢠࢉ͸ S± = Sx ± iSy Ͱఆٛ͞ΕΔɽ͜ΕΒͷجఈ΁ͷ࡞༻͸

Sz|↑ ⟩ = 1

2
|↑ ⟩, Sz|↓ ⟩ = −1

2
|↓ ⟩, S+|↑ ⟩ = 0, S+|↓ ⟩ = |↑ ⟩, S−|↑ ⟩ = |↓ ⟩, S−|↓ ⟩ = 0 (2.2)

Ͱ༩͑ΒΕΔɽ͜͜ͰɼΞοϓεϐϯ |↑ ⟩Λਅۭɼμ΢ϯεϐϯ |↓ ⟩ΛཻࢠͱΈͳ͢ͱɼ1
2

(
S+
n S−

n+1 + S−
n S+

n+1

)

ͷ߲͸ཻࢠΛࠨӈ΁ϗοϐϯάͤ͞Δ͜ͱ͕෼͔Δɽͨͩ͠ɼഉআମੵޮՌ͕͋ͬͯɼ͍͕ࢠཻʹྡʹطΔ৔߹

ʹ͸ϗοϐϯά͸͜ىΒͳ͍ɽ࣍ʹɼ∆
(
Sz
nS

z
n+1 − 1

4

)
ͷ߲͸ɼཻࢠͷմ (Ϋϥελʔ)͕͋ͬͨ৔߹ɼͦͷ྆୺

ͷΈ਺͑ΔͷͰɼཻࢠͷΫϥελʔͷ਺Λ਺͑Δ͜ͱ͕෼͔Δɽ؆୯ͳࢉܭʹΑΓɼΫϥελʔ͕mݸͷ৔߹ʹ

͸ݻ༗஋ −m∆Λ༩͑Δ͜ͱ͕͔֬ΊΒΕΔɽ͢ͳΘͪɼϋϛϧτχΞϯ͸ཻࢠΛϗοϐϯάͤ͞Δ͚ͩͰ͋Γɼ

දࣔ͢Ε͹ྻߦ਺Λม͑ͳ͍ɽͭ·ΓɼϋϛϧτχΞϯΛࢠཻ 2L × 2LͷྻߦͱͳΔ͕ɼཻࢠ਺N ͷ෦෼ۭؒ͝

ͱʹݩ࣍
(L
N

)
ͰϒϩοΫର֯Խ͞Ε͍ͯΔɽҎԼɼཻࢠ਺N Λݻఆ͠ɼݩ࣍

(L
N

)
ͷ෦෼ۭؒ͝ͱʹର֯Խ͢Δ͜

ͱΛࢼΈΔɽ

2.2 ͷର֯ԽܕඪϕʔςԾઆʹΑΔXXZ໛࠲

2.2.1 N = 0ͷͱ͖

਺Nࢠཻ = 0ͷঢ়ଶ͸ɼਅۭঢ়ଶͷΈͰ͋Γɼ͜Ε͸ɼݻ༗஋ 0ͷݻ༗ϕΫτϧͱͳ͍ͬͯΔ (HXXZ| 0 ⟩ = 0)ɽ
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2.2.2 N = 1ͷͱ͖

਺Nࢠཻ = 1ͷ෦෼ۭؒͷݩ࣍͸
(L
1

)
= LͰ͋ΓɼLݸͷݻ༗ϕΫτϧ͕ߏ੒Ͱ͖Ε͹Α͍ɽཻ͕ࢠ nαΠτ

໨ʹ͍Δঢ়ଶΛ |n⟩ := S−
n | 0 ⟩ͱॻ͘ɽ͜ͷ෦෼ۭؒͷҰൠͷϕΫτϧ͸ɼLݸͷجఈ |1⟩, · · · , |L⟩ΛॏͶ߹Θͤ

Δ͜ͱʹΑͬͯ

|ψ⟩ =
L∑

n=1

ψ(n)|n⟩ (2.3)

ͱߏ੒͞ΕΔɽ͜͜ͰɼॏͶ߹Θͤͷ܎਺ ψ(n)͸ঢ়ଶ |n⟩ͷ֬཰ৼ෯Λද͠ɼ೾ಈؔ਺ͱݺ͹ΕΔɽ1ཻࢠͷ৔

߹ʹ͸ɼ೾ಈؔ਺ͱͯ͠ฏ໘೾

ψ(n) = eikn (2.4)

ΛͱΕ͹ݻ༗ϕΫτϧʹͳΔ͜ͱ͸༰қʹΘ͔ΔͰ͋Ζ͏ɽ͜ΕΛɼ1ཻࢠͷ৔߹ͷϕʔς೾ಈؔ਺ͱݺͼɼ|ψ⟩Λ
ϕʔςϕΫτϧͱݺͿɽϕʔςϕΫτϧ΁ͷϋϛϧτχΞϯͷ࡞༻Λͯ͠ࢉܭΈΔͱɼHXXZ|ψ⟩ = (cos k−∆)|ψ⟩
ͱͳΓɼݻ༗ϕΫτϧͱͳ͍ͬͯΔ͜ͱ͕෼͔Δɽ͜͜Ͱɼपڥظք৚݅ʹΑΓ͕ܥฒਐରশͰ͋Δ͜ͱΛͬ࢖

ͨɽ·ͨɼ೾ಈؔ਺ ψ(n)ʹର͢Δपڥظք৚͔݅Βɼψ(L) = 1ɼ͢ͳΘͪ

eikL = 1 (2.5)

͕ཁ੥͞ΕΔɽ͜ΕΛɼ1ཻࢠͷ৔߹ͷϕʔςํఔࣜͱ͍͏ɽ͜Ε͸༰қʹղ͘͜ͱ͕Ͱ͖ͯɼ

k =
2π

L
I, I ∈ Z (2.6)

ͱͳΔɽ͜͜Ͱɼ೾਺ kΛܾΊΔ੔਺ I Λϕʔςྔࢠ਺ͱ͍͏ɽ͜ͷ৔߹͸ I = 0, 1, 2, · · · , L − 1ͱͱΔ͜ͱʹ

ΑΓɼLݸͷಠཱͳݻ༗ϕΫτϧ͕ߏ੒͞Εɼ໨త͕ୡ੒Ͱ͖ͨɽ

·ͨɼӈ΁ͷฒਐԋࢠࢉ TR ͸ɼશӡಈྔԋࢠࢉK Λ༻͍ͯ TR = e−iK ͱॻ͚Δɽ

TR|ψ⟩ =
L∑

n=1

ψ(n)TR|n⟩ =
L∑

n=1

ψ(n)|n+ 1⟩ = e−ik|ψ⟩ (2.7)

ΑΓɼશӡಈྔ͸K = kͱͳΔɽ

2.2.3 N = 2ͷͱ͖

਺Nࢠཻ = 2ͷ෦෼ۭؒͷݩ࣍͸
(L
2

)
= L(L− 1)/2Ͱ͋ΓɼL(L− ఈجͷݸ2/(1 |n1, n2⟩ (1 ≤ n1 < n2 ≤ L)

ͰுΒΕΔɽͨͩ͠ɼཻࢠ (Լ͖޲εϐϯ)͕ n1, n2 αΠτ໨ʹ͍Δঢ়ଶΛ |n1, n2⟩ := S−
n1
S−
n2
| 0 ⟩ͱॻ͍ͨɽ͜

ΕʹϋϛϧτχΞϯΛ࡞༻ͤͯ͞ΈΔͱɼ2 Λ͢Δ༺࡞཭Ε͍ͯΔ৔߹ͱ͍͍ͬͭͯ͘Δ৔߹ͰҟͳΔ͕ࢠཻ

͜ͱ͕෼͔Δɽ͜Ε͕ ༗ํఔࣜݻͱͳΔɽ͜ͷ͜ͱʹ஫ҙͯ͠ɼ༺࡞ޓͷ૬ؒࢠ2ཻ HXXZ|ψ⟩ = E|ψ⟩ͷ੒෼
⟨n1, n2|HXXZ|ψ⟩ = E⟨n1, n2|ψ⟩Λͯ͠ࢉܭΈΑ͏ɽ
N = 2ͷ෦෼ۭؒͷ೚ҙͷϕΫτϧ |ψ⟩͸ɼL(L− ఈجͷݸ2/(1 |n1, n2⟩ΛॏͶ߹ΘͤΔ͜ͱʹΑͬͯ

|ψ⟩ =
∑

1≤n1<n2≤L

ψ(n1, n2)|n1, n2⟩ (2.8)

ͱߏ੒͞ΕΔɽ2ཻࢠͷ৔߹ʹ͸ɼ೾ಈؔ਺ͱͯ͠ ͷ৔߹ͷฏ໘೾Λࣗવʹ֦ு͢Ε͹ࢠ1ཻ

ψ(n1, n2) = ei(k1n1+k2n2) (2.9)

ͱॻ͚ΔͰ͋Ζ͏ɽ2ཻ͕ࢠ཭Ε͍ͯΔ৔߹ʹ͸͜ΕͰ໰୊ͳ͍͕ɼ͜Ε͚ͩͩͱ ͷিಥͷޮՌΛදͤͳ͍ɽࢠ2ཻ

ͦ͜Ͱɼϕʔς͸িಥʹΑΓ೾਺ k1, k2 ͕ೖΕସΘ߲ͬͨ΋෇͚Ճ͑ͯɼҎԼͷϕʔς೾ಈؔ਺

ψ(n1, n2) = A12e
i(k1n1+k2n2) +A21e

i(k2n1+k1n2) (2.10)

ΛఏҊͨ͠ɽҎԼɼ͜ͷ೾ಈؔ਺Λͯͬ࢖ɼ͜ΕΛ۩ମతʹͯݟΈΑ͏ɽ

(♯) িಥʹΑΔ઀ଓ৚݅ʙࢄཚྻߦͱࢄཚҐ૬Ҽࢠ
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• n2 − n1 > 1 (2 ≤ n1, n2 ≤ L− 1)ͷͱ͖

⟨n1, n2|HXXZ|ψ⟩ = Eψ(n1, n2), E =
2∑

ℓ=1

(cos kℓ −∆) (2.11)

ͱͳΓɼݻ༗ํఔࣜ͸ϕʔς೾ಈؔ਺ (2.10)ʹΑͬͯࣗಈతʹຬͨ͞ΕΔ͜ͱ͕෼͔Δɽ͜͜·Ͱͷٞ࿦Ͱ͸ɼ

A21 = 0ͱͯ͠͠·ͬͯ΋໰୊ͳ͍͜ͱ͕෼͔ΔͰ͋Ζ͏ɽ

• n2 − n1 = 1 (2 ≤ n1, n2 ≤ L− 1)ͷͱ͖

n1 = n, n2 = n+ 1 (2 ≤ n ≤ L− 2)ͱͯ͠ɼ

⟨n, n+ 1|HXXZ|ψ⟩ =
1

2
[ψ(n− 1, n+ 1) + ψ(n, n+ 2)]−∆ψ(n, n+ 1) = Eψ(n, n+ 1) (2.12)

ΛಘΔɽ͜͜Ͱɼઌఔͨ͠ࢉܭ ཭Ε͍ͯΔ৔߹ʹग़ͯ͘Δ͕ࣜࢠ2ཻ

1

2
[ψ(n1 − 1, n2) + ψ(n1 + 1, n2) + ψ(n1, n2 − 1) + ψ(n1, n2 + 1)]− 2∆ψ(n1, n2) = Eψ(n1, n2) (2.13)

ʹ n1 = n, n2 = n+ 1 Λ୅ೖͯ͠ΈΔͱ

1

2
[ψ(n− 1, n+ 1) + ψ(n+ 1, n+ 1) + ψ(n, n) + ψ(n, n+ 2)]− 2∆ψ(n, n+ 1) = Eψ(n, n+ 1) (2.14)

ͱͳΔɽ͔͠͠ɼ΋ͱ΋ͱ೾ಈؔ਺ ψ(n1, n2)ͷఆٛҬ͸ 1 ≤ n1 < n2 ≤ LͩͬͨͷͰɼψ(n+ 1, n+ 1), ψ(n, n)

͸ग़ͯ͜ͳ͍͸ͣͰ͋Δɽͦ͜ͰɼͦͷଞͷྖҬʹ΋ϕʔς೾ಈؔ਺ͷఆٛࣜ (2.10)ʹΑͬͯఆٛҬΛ֦ு͢Δ

ͱ͑ߟΑ͏ɽࣜ (2.14)͔Βࣜ (2.12)ΛҾ͘ͱɼ

ψ(n+ 1, n+ 1) + ψ(n, n) = 2∆ψ(n, n+ 1) (2.15)

ΛಘΔɽ͜Ε͕ɼিಥͷޮՌʹΑΔ೾ಈؔ਺ͷ઀ଓ৚݅ͱͳΔɽ͜ͷࣜʹϕʔς೾ಈؔ਺ͷ۩ମܗ (2.10)Λ୅ೖ

ͯ͠ɼ

A21/A12 = −1 + ei(k1+k2) − 2∆eik2

1 + ei(k1+k2) − 2∆eik1
=: S(k1, k2) (2.16)

ΛಘΔɽ͜͜Ͱɼ2ཻࢠͷࢄཚʹΑΔࢄཚྻߦ S(k1, k2) Λಋೖͨ͠ɽ͢ͳΘͪɼཻࢠ 1ͱཻࢠ 2͕͢Εҧͬͯ

A12 → A21ͱͳΔࡍʹɼࢄཚྻߦ S(k1, k2)ʹΑΔࢄཚΛड͚ͯA21 = S(k1, k2)A12ͱͳΔͱղऍ͢Δɽͯ͞ɼ͜

͜ͰࢄཚҐ૬Ҽࢠ φ(k1, k2)Λ

S(k1, k2) = − exp [−iφ(k1, k2)] (2.17)

ͰఆΊΔͱɼ

φ(k1, k2) = 2 arctan

[
∆ sin

(
k1−k2

2

)

∆ cos
(
k1−k2

2

)
− cos

(
k1+k2

2

)
]

(2.18)

ͱͳΔɽ

(♯) पڥظք৚݅ʙϕʔςํఔࣜͷಋग़

ͯ͞ɼ࣍ʹपڥظք৚݅ʹ͍ͭͯ͑ߟΑ͏ɽ͢ͳΘͪɼࠓ·Ͱ͸ڥքͷӨڹΛආ͚ΔͨΊʹ 2 ≤ n1, n2 ≤ L− 1ͷ

ൣғͰ͕͖ͨͯ͑ߟɼn1 = 1ͷ৔߹ɼ͓Αͼ n2 = Lͷ৔߹Λ͑ߟɼϗοϐϯάʹΑͬͯϦϯάΛҰप͢Δϓϩ

ηεΛ͑ߟΑ͏ɽ͜͜Ͱ͸ྫͱͯ͠ n1 = 1͔ͭ 3 ≤ n2 ≤ L − 2ͷ৔߹Λ͑ߟΔɽͦͷଞͷ৔߹΋ಉ༷ͷ݁Ռ͕

ಘΒΕΔɽલͷ΍Γ͔ͨͱಉ༷ʹͯ͠ ⟨1, n2|HXXZ|ψ⟩Λ͢ࢉܭΔͱɼ

⟨1, n2|HXXZ|ψ⟩ =
1

2
[ψ(n2, L) + ψ(2, n2) + ψ(1, n2 − 1) + ψ(1, n2 + 1)]− 2∆ψ(1, n2) (2.19)

ͱͳΔ͕ɼ͜Ε͕લʹ΍ͬͨ n2 − n1 > 1 (2 ≤ n1, n2 ≤ L− 1)ͷ৔߹ͷࢉܭͱ੔߹͢ΔͨΊʹ͸ɼ

ψ(n2, L) = ψ(n1 − 1, n2) = ψ(0, n2) (2.20)
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Λຬͨ͞Ͷ͹ͳΒͳ͍ɽ͜ ͷࣜʹϕʔς೾ಈؔ਺ͷ۩ମܗ (2.10)Λ୅ೖ͢Δͱ eik1n2(A12eik2L−A21)+eik2n2(A21eik1L−
A12) = 0ͱͳΔͷͰɼϕʔςํఔࣜ

eik1L = A12/A21 = S(k2, k1), eik2L = A21/A12 = S(k1, k2), (2.21)

͕ಘΒΕΔɽ

(♯) ӡಈྔݻ༗஋

ɼશӡಈྔKʹޙ࠷ ͷݻ༗஋Λௐ΂ΔɽϕʔςϕΫτϧΛฒਐͤͯ͞ΈΔͱ TR|ψ⟩ = e−i(k1+k2)|ψ⟩ͱͳΔͷͰɼ
K = k1 + k2 ΛಘΔɽ͜͜Ͱɼ೾ಈؔ਺ͷपੑظ (2.20)Λ༻͍ͨɽ

2.2.4 ҰൠͷN ͷͱ͖

͜͜Ͱ͸ࢴ਺ͷؔ܎Ͱࢉܭͷࡉ෦͸লུ͢Δ͕ɼN ≥ 3ͷ৔߹΋ಉ༷ʹٞ࿦͕ਐΉɽN ༗ϕΫݻͷ৔߹ͷࢠཻ

τϧΛ |ψ⟩ͱ͠ɼجఈͰల։ͯ͠

|ψ⟩ =
∑

1≤n1<···<nN≤L

ψ(n1, · · · , nN )|n1, · · · , nN ⟩. (2.22)

ͱॻ͜͏ɽ͜͜Ͱɼn1, · · · , nN ͸ཻࢠ (μ΢ϯεϐϯ)ͷҐஔΛද͢ |n1, · · · , nN ⟩ :=
∏N

j=1 S
−
nj
| 0 ⟩. ߹ͷ৔ࢠ2ཻ

ͷࣗવͳ֦ுͱͯ͠ɼN ͷ৔߹ͷϕʔς೾ಈؔ਺ࢠཻ ψ(n1, · · · , nN ) Λฏ໘೾ͷॏͶ߹ΘͤͰ

ψ(n1, · · · , nN ) =
∑

σ∈SN

A(σ) exp

⎡

⎣i
N∑

j=1

kσjnj

⎤

⎦ (2.23)

ͱ͠Α͏ɽ͜͜Ͱɼ࿨͸ରশ܈ SN ͷશͯͷN ݩͷݸ! σʹؔͯ͠औΔͱ͢Δɽ

(♯) িಥʹΑΔ઀ଓ৚݅

⟨༗ํఔࣜHXXZ|ψݻͷͱ͖ͱಉ༷ʹɼࢠ2ཻ = E|ψ⟩ ͷ |n1, · · · , nN ⟩੒෼Λ͑ߟΑ͏ɽ
·ͣɼશͯͷཻڥ͕ࢠքͷӨڹΛड͚ͣɼ͔͍ͭޓʹ཭Ε͍ͯΔ৔߹

2 ≤ n1, nN ≤ L− 1, n2 − n1 > 1, · · · , nN − nN−1 > 1 (2.24)

Λ͑ߟΔͱɼݻ༗ํఔࣜ͸ϕʔς೾ಈؔ਺ (2.23)ʹΑͬͯࣗಈతʹຬͨ͞ΕɼΤωϧΪʔݻ༗஋͸

E =
N∑

ℓ=1

(cos kℓ −∆) (2.25)

Ͱ༩͑ΒΕΔ͜ͱ͕෼͔Δɽ

ͷϖΞʔ͕ݸɼtʹ࣍ (β1,β1+1), (β2,β2+1), · · · , (βt,βt+1)ͱྡΓ߹͓ͬͯΓɼͦ ͷଞͷཻࢠα1,α2, · · · ,αN−2t

͸શ͍ͯޓʹ཭Ε͍ͯΔͱ͠Α͏ɽ·ͨɼڥքͷӨڹΛड͚ͳ͍Α͏ʹ 2 ≤ n1, nN ≤ L− 1ͱ͓ͯ͘͠ɽ͜ͷ৔

߹ɼ2ཻࢠͷ৔߹ͱಉ༷ʹɼ೾ಈؔ਺ͷఆٛҬΛ֦ு͢Ε͹

2t∆ψ(n1, · · · , nN ) =
t∑

ℓ=1

[ψ(· · · ,βℓ,βℓ, · · · ) + ψ(· · · ,βℓ + 1,βℓ + 1, · · · )] (2.26)

ͱͳΔɽ͜Ε͕੒ΓཱͭͨΊͷे෼৚݅ͱͯ͠

2∆ψ(· · · , n, n+ 1, · · · ) = ψ(· · · , n, n, · · · ) + ψ(· · · , n+ 1, n+ 1, · · · ) (2.27)

ΛಘΔɽࠓɼ2ͭͷཻ͕ࢠϖΞʔΛ૊ΜͰ͍Δ৔߹Λ͕ͨ͑ߟɼཻࢠͷΫϥελʔαΠζ͕ 3Ҏ্ͷ৔߹Ͱ΋ (2.27)

͕े෼৚݅ͱͳΔ͜ͱΛࣔͤΔɽྫ͑͹ɼ(n, n+ 1, n+ 2)ʹ ͸શͯ཭Ε͍ͯΔͱ͢ࢠΓɼͦͷଞͷཻ͕͋ࢠ3ཻ

Δͱɼಉ༷ͷखଓ͖͔Β৚݅ࣜ

4∆ψ(· · · , n, n+ 1, n+ 2 · · · ) =ψ(· · · , n+ 1, n+ 1, n+ 2 · · · ) + ψ(· · · , n, n, n+ 2, · · · )

+ ψ(· · · , n, n+ 2, n+ 2 · · · ) + ψ(· · · , n, n+ 1, n+ 1, · · · ) (2.28)
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͕ಋ͔ΕΔ͕ɼ༰қʹ෼͔ΔΑ͏ʹ͜Ε͸ (2.27)͕੒Γཱ͍ͬͯΕ͹ࣗಈతʹຬͨ͞ΕΔɽ

ɼ৚݅ࣜʹ࣍ (2.27)ʹϕʔς೾ಈؔ਺ (2.23)Λ୅ೖ͢Δͱɼ઀ଓ৚݅ࣜ͸

A(σ′)/A(σ) = −1 + ei(k+k′) − 2∆eik
′

1 + ei(k+k′) − 2∆eik
= S(k, k′) = − exp [−iφ(k, k′)] , k := kσj , k′ := kσj+1 , (2.29)

ͱॻ͚Δ͜ͱ͕෼͔Δɽ͜͜Ͱɼσͱ σ′ ͸

σ′
j = σj+1, σ′

j+1 = σj , σ′
ℓ = σℓ for ℓ ̸= j, j + 1. (2.30)

Λຬͨ͢೚ҙͷ SN ͷݩͷ૊Ͱ͋ΔɽN = 3ͷ৔߹Λྫʹͯ͠۩ମతʹॻ͖Լͯ͠ΈΔͱɼ

A132

A123
= S23,

A213

A231
= S31,

A321

A312
= S12,

A213

A123
= S12,

A321

A231
= S23,

A132

A312
= S31 (2.31)

ͱͳΔɽ͜͜ͰɼSjℓ := S(kj , kℓ)ͱུͨ͠هɽͯ͞ɼ͜͜Ͱɼ2ମࢄཚΛ܁Γฦ͢͜ͱʹΑͬͯ A123 ͔Β A321

Λ࡞Δͱ͖ɼ2௨Γͷ΍Γํ͕͋Δ͕ɼͦΕΒ͕ಉ݁͡ՌΛ༩͑Δඞཁ͕͋Δɽ͢ͳΘͪɼ

A321 = S12A312 = S12S13A132 = S12S13S23A123,

A321 = S23A231 = S23S13A213 = S23S13S12A123 (2.32)

ΑΓɼࢄཚྻߦ͸ؔࣜ܎

S12S13S23 = S23S13S12 (2.33)

Λຬͨ͢ඞཁ͕͋ΔɽXXZ໛ܕͷ৔߹ɼࢄཚྻߦ Sjk ͸εΧϥʔͰ͋ΔͷͰ͜ͷؔࣜ܎͸ࣗ໌ʹ੒Γཱ͕ͭɼ಺

෦ࣗ༝౓ͷ͋ΔܥͰ͸ॏཁͳҙຯΛͭ࣋ɽ࣮ࡍɼεϐϯࣗ༝౓Λͭ࣋ϑΣϧϛΦϯܥʹ͓͍ͯɼYangʹΑͬͯ࠷

ॳʹಋೖ͞Εͨ [2]ɽҰํɼຊςΩετޙ൒ͷ 6௖఺໛ܕͷઅͰड़΂ΔΑ͏ʹɼՄղͳݹయ౷ֶྗܭ໛ܕͷϘϧπ

Ϛϯॏ཰͕ಉ༷ͷؔࣜ܎ Λຬͨ͢͜ͱ͕(রࢀࣜ(3.5)) BaxterʹΑΓݟग़͞Ε [3]ɼࡏݱͰ͸Yang-Baxterؔࣜ܎

ͱݺ͹Ε͍ͯΔ [4, 5]ɽ

(♯) पڥظք৚݅ʙϕʔςํఔࣜͷಋग़

ք৚͔݅Βϕʔςํఔࣜڥظͷ৔߹ͱಉ༷ʹɼपࢠ2ཻ

eikjL =
N∏

ℓ̸=j

S(kℓ, kj), for j = 1, · · · , N (2.34)

Λಋ͘͜ͱ͕ग़དྷΔɽ͜ͷࣜ͸ɼj ൪໨ͷཻ͕ࢠ௕͞ LͷϦϯάΛҰप͢Δؒʹଞͷશͯͷཻࢠ ℓ ̸= j ͔Βࢄཚ

S(kℓ, kj)Λड͚͍ͯΔɼͱಡΉ͜ͱ͕ग़དྷΔɽ

2.3 ٖӡಈྔ͔ΒϥϐσΟςΟ΁ͷม਺ม׵

ٖӡಈྔ k͔ΒϥϐσΟςΟz΁ͷม਺ม׵Λ

eik =
ϕ(z − η/2)

ϕ(z + η/2)
, k = −i log

(
ϕ(z − η/2)

ϕ(z + η/2)

)
(2.35)

Ͱఆٛ͢Δɽ͜͜Ͱɼؔ਺ ϕ(z)ͱύϥϝʔλ η (= iζ)͸ɼ∆ͷ஋ͷൣғʹΑͬͯҎԼͷΑ͏ʹఆٛ͞ΕΔɿ

ϕ(z) = z, η = i (ζ = 1) for ∆ = 1 XXX

ϕ(z) = sinh(z), ∆ = cosh η = cos ζ (0 < ζ < π) for −1 < ∆ < 1 massless XXZ

ϕ(z) = sin(z), ∆ = cos η = cosh ζ (ζ > 0) for ∆ > 1 massive XXZ

(2.36)

͜͜Ͱ͸ৄٞ͘͠࿦Ͱ͖ͳ͍͕ɼྭىΤωϧΪʔʹΪϟοϓ͕͋Δ (ͳ͍)ܥΛmassive(massless)ͱݺͿɽ͜͜Ͱɼ

Ͳͷ৔߹ʹ΋∆ = ϕ′(η)͕੒Γཱͭ͜ͱʹ஫ҙͤΑɽ͜ΕΛ͏࢖ͱɼࢄཚྻߦ͸ϥϐσΟςΟΛͯͬ࢖

S(k, k′) = −1 + ei(k+k′) − 2∆eik
′

1 + ei(k+k′) − 2∆eik
=
ϕ(z − z′ + η)

ϕ(z − z′ − η)
. (2.37)
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ͷΑ͏ʹॻ͚Δɽ͜ΕΛ͑࢖͹ɼϕʔςํఔࣜ͸

(
ϕ(zj + η/2)

ϕ(zj − η/2)

)L

=
N∏

ℓ̸=j

ϕ(zj − zℓ + η)

ϕ(zj − zℓ − η)
(2.38)

ͱͳΔɽ͜͜ͰɼTjℓ := ϕ(zj − zℓ − η)ͱ͍͏ྔΛಋೖ͢ΔͱɼSjℓ = −Tℓj/Tjℓͱॻ͚ΔͷͰɼ೾ಈؔ਺ͷ܎਺Λ

A(σ) = (−1)σ
∏

1≤j<ℓ≤L

Tσjσℓ = (−1)σ
∏

1≤j<ℓ≤L

ϕ(zσj − zσℓ − η) (2.39)

ͱද͢͜ͱ͕Ͱ͖Δɽͯ͞ɼ͜͜Ͱɼؔ਺ θn(z)Λ

θn(z) = i log

[
−ϕ(z + nη/2)

ϕ(z − nη/2)

] (
−e−iθn(z) =

ϕ(z + nη/2)

ϕ(z − nη/2)

)
(2.40)

Ͱಋೖ͠Α͏ɽ͜ΕΛ͏࢖ͱɼٖӡಈྔͱࢄཚҐ૬Ҽࢠ͸

k = θ1(z)− π, φ(k, k′) = θ2(z − z′). (2.41)

ͱॻ͚Δɽ͜ͷؔ਺ θn(z)Λཅʹॻ͘ͱ
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

θn(z) = 2 tan−1[2z/n] XXX (∆ = 1)

θn(z) = 2 tan−1[cot(nζ/2) tanh z] massless XXZ (−1 < ∆ < 1)

θn(z) = 2 tan−1[coth(nζ/2) tan z] + 2πν

(
Rez

π
+

1

2

)
massive XXZ (∆ > 1)

(2.42)

ͱͳΔɽϥϐσΟςΟzͷྖҬͱͯ͠͸ɼmasslessͷ৔߹͸−π/2 < Imz ≤ π/2ɼmassiveͷ৔߹͸−π/2 < Rez ≤
π/2ͷྖҬ͚ͩ͑ߟΕ͹े෼Ͱ͋Δɽ͜͜Ͱ͸ z͸࣮਺Ͱ͋ΔͱԾఆͯ͠ɼ−π/2 < tan−1 z < π/2ͱ͢Δɽz͕

ෳૉ਺ͷͱ͖ʹ tan−1ͷ෼ذΛͲ͏ͱΔ͔͸ࠐΈೖͬͨ໰୊ʹͳΔ͕ɼ͜͜Ͱ͸ٞ࿦͠ͳ͍ɽ·ͨɼmassiveͷ৔

߹ɼθn ͕࿈ଓʹͳΔΑ͏ʹ ν(x) Λಋೖͯ͋͠Δ͜ͱʹ஫ҙɽ࣮਺ xʹରͯ͠ n ≤ x < n+ 1 (n͸੔਺)ͷͱ͖ɼ

ν(x) = nͱ͢Δɽ·ͨɼz = (ℓ+ 1/2)π (ℓ͸੔਺)ͷͱ͖ɼθn(z) = 2zͱ͢Δɽ

͜ΕΛ༻͍ͯɼϕʔςํఔࣜͷର਺ΛऔΕ͹

θ1(zj) =
2π

L
Ij +

1

L

N∑

ℓ̸=j

θ2(zj − zℓ), for j = 1, · · · , N, (2.43)

ͱͳΔɽ͜͜Ͱɼϕʔςྔࢠ਺ {I1, · · · , IN}͸ L−N ਺ͷͱ͖੔਺ͰɼL−Nح͕ ੔਺ͱͳΔɽح਺ͷͱ͖൒ۮ͕

ΤωϧΪʔݻ༗஋͸

E =
iϕ(η)

2

N∑

j=1

a1(zj) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
N∑

j=1

2

4z2j + 1
XXX (∆ = 1)

−
N∑

j=1

sin2 ζ

cosh 2zj − cos ζ
massless XXZ (−1 < ∆ < 1)

−
N∑

j=1

sinh2 ζ

cosh ζ − cos 2zj
massive XXZ (∆ > 1)

(2.44)

ͱॻ͚Δɽͨͩ͠ɼan(z) := θ′n(z)Ͱ͋Δɽӡಈྔݻ༗஋͸

K =
N∑

j=1

kj =
N∑

j=1

θ1(zj)−Nπ =
2π

L

N∑

j=1

Ij −Nπ (Mod 2π) (2.45)

ͱͳΔɽ͜͜Ͱɼϕʔςํఔࣜ (2.43)Λͨͬ࢖ɽ

(♯) ·ͱΊ

1. ҟํੑύϥϝʔλ∆(> −1)ͷ஋ʹԠͯ͡ɼζ, η = iζ, ϕ(z)Λࣜ (2.36) ͰఆΊΔɽ

2. ϕʔςྔࢠ਺ I1, · · · , IN ΛఆΊΔɽͨͩ͠ɼL−N ਺ۮ͕ ͷͱ͖ɼIj(਺ح) ͸൒ح੔਺ (੔਺)Ͱ͋Δɽ
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ਤ 3.1: (a) ͷεϐϯ഑ஔܕ௖఺໛ݩ࣍2 {αm,ℓ}, {βm,ℓ} (1 ≤ m ≤ M, 1 ≤ ℓ ≤ L). ͜͜Ͱ͸ L = 5, M = 4ͱ͠ɼ

पڥظք৚݅ͱ͍ͯ͠Δɽ(b) ௖఺पΓͷεϐϯ഑ஔͱɼ௖఺ͷΤωϧΪʔɽ(c) ॴϘϧπϚϯॏ཰ہ

3. ϥϐσΟςΟz1, · · · , zN ʹର͢Δϕʔςํఔࣜ (2.43) Λղ͘ɽ

4. ϕʔςํఔࣜͷղ z1, · · · , zN Λ༻͍ͯɼϕʔςϕΫτϧ |ψ⟩Λ (2.22), (2.23), (2.39) Ͱߏ੒͢Δɽ

5. ϕʔςϕΫτϧ |ψ⟩͸ݻ༗ํఔࣜHXXZ|ψ⟩ = E|ψ⟩ٴͼ TR|ψ⟩ = e−iK |ψ⟩Λຬͨ͠ɼݻ༗஋͸ (2.44), (2.45)

ࣜͰ༩͑ΒΕΔɽ

͜ͷର֯Խͷख๏Λ࠲ඪϕʔςԾઆͱݺͿɽ

3 6௖఺໛ܕͱ୅਺తϕʔςԾઆ

3.1 6௖఺໛ܕ

3.1.1 ܕͷ௖఺໛্ࢠਖ਼ํ֨ݩ࣍2

ॎઢ͕Lຊɼԣઢ͕M͋ΔΑ͏ͳೋݩ࣍ਖ਼ํ֨ࢠΛ͑ߟɼล্ʹ±1ͷ 2௨Γͷ஋ΛͱΓ͏Δม਺ {αm,ℓ}, {βm,ℓ}
(1 ≤ m ≤ M, 1 ≤ ℓ ≤ L) Λ഑ஔ͢Δ (ਤ 3.1(a))ɽ͜ͷม਺ͷ͜ͱΛ͜͜Ͱ͸ʮεϐϯʯͱݺͿ͜ͱʹ͢Δ (෼ۃ

౳ͱݺͿจݙ΋͋Δ)ɽ·ͨɼ؆୯ͷͨΊपڥظք৚݅Λ͑ߟΔ (αm,L+1 = αm,1,βM+1,ℓ = β1,ℓ)ɽ

ล (edge)ͱลͷަ఺Λ௖఺ (vertex)ͱݺͿɽ֤௖఺ͷपғʹ͸ 4ຊͷล͕͋ΓɼͦΕΒͷεϐϯ഑ஔʹґଘ͠

ͯ௖఺ͷΤωϧΪʔ͕ఆ·ΔɽͦΕΛEγδ
αβ ͱॻ͜͏ (ਤ 3.1(b))ɽ͜͜Ͱɼεϐϯͷ഑ஔ͕ಉ͡Ͱ΋ɼ௖఺ʹΑͬͯ

ΤωϧΪʔ͸ҟͳΔͱ͠Α͏ɽԼ͔Βm൪໨ɼ͔ࠨΒ ℓ൪໨ͷ௖఺ͷ·ΘΓͷεϐϯ഑ஔ͕ਤ 3.1(b)Ͱ͋Δͱ͖

ʹͦͷ௖఺͕ͭ࣋ΤωϧΪʔΛ (Emℓ)
γδ
αβ ͱ͠ɼہॴϘϧπϚϯॏ཰Λ (Rmℓ)

γδ
αβ = exp

[
−β (Emℓ)

γδ
αβ

]
ͱॻ͘ɽܥ

ͷશΤωϧΪʔ͸֤௖఺ͷΤωϧΪʔͷ࿨Ͱ༩͑ΒΕΔͱ͢Ε͹ɼશମͷϘϧπϚϯॏ཰͸ہॴϘϧπϚϯॏ཰

ͷੵͱͳΔɽ෼഑ؔ਺ Z ͸ɼͦΕΛ 22ML ௨Γͷશεϐϯ഑ஔʹؔͯ͠࿨Λͱͬͨ΋ͷ

Z =
∑

{αm,ℓ},{βm,ℓ}

M∏

m=1

L∏

ℓ=1

(Rmℓ)
αm,ℓ+1βm+1,ℓ

αm,ℓβm,ℓ
(3.1)

ͱͳΔɽҎԼ͜ΕΛɼసૹྻߦ๏Λ༻͍ͯ͢ࢉܭΔ͜ͱΛࢼΈΔɽ

3.1.2 సૹྻߦʹΑΔ෼഑ؔ਺ͷࢉܭ

ͯ͞ɼ෼഑ؔ਺ͱ͸શͯͷล্ͷεϐϯ഑ஔʹؔ͢Δ࿨ͷ͜ͱͰ͋Δ͕ɼ·ͣ͸ਖ਼ํ֨ࢠͷҰ൪ԼͷҰ͚ͩߦ

ʹ஫໨͠ɼԣͷล্ͷεϐϯ {α1,ℓ}ʹؔ͢Δ࿨Λ࣮ͨ͠ߦ΋ͷΛ

(T1)
{β2,ℓ}
{β1,ℓ} :=

∑

{α1,ℓ}

L∏

ℓ=1

(R1,ℓ)
α1,ℓ+1β2,ℓ

α1,ℓβ1,ℓ
(3.2)
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ਤ 3.2: 6௖఺໛ܕͷϘϧπϚϯॏ཰ɽ+ͷεϐϯ഑ஔΛଠઢͰࣔͯ͋͠Δɽ

ਤ 3.3: Yang-Baxterؔࣜ܎

ͱॻ͜͏ɽͦ ͯ͜͠ΕΛT1ͱ͍͏ྻߦͷ{β2,ℓ}ߦ{β1,ℓ}ྻ੒෼Λද͍ͯ͠Δͱ͑ߟΔɽ{β1,ℓ} = (β1,1,β1,2, · · · ,β1,L)
ͱ {β2,ℓ} = (β2,1,β2,2, · · · ,β2,L) ͸ͦΕͧΕɼશ෦Ͱ 2L ͷ഑ஔͷ͕͋ํ࢓ΔͷͰɼT1 ͸ 2L × 2L ͱͳΔɽྻߦ

ਖ਼ํ֨ࢠͷԼ͔Β ໨ʹؔͯ͠΋ಉ༷ʹͯ͠ɼβ2,ℓߦ2 ʹؔͯ͠࿨ΛऔΔͱ

∑

{β2,ℓ}

(T2)
{β3,ℓ}
{β2,ℓ} (T1)

{β2,ℓ}
{β1,ℓ} = (T2T1)

{β3,ℓ}
{β1,ℓ} (3.3)

ͱɼྻߦͷੵʹͳΔ͜ͱ͕෼͔Δɽ͜ΕΛm = M ·Ͱ܁Γฦͯ͠ traceΛͱΔͱɼ

Z =
∑

{βm,ℓ}

M∏

m=1

(Tm)
{βm+1,ℓ}
{βm,ℓ} =

∑

{β1,ℓ}

(TMTM−1 · · ·T2T1)
{β1,ℓ}
{β1,ℓ} = tr (TMTM−1 · · ·T2T1) (3.4)

ͱͳΓɼঢ়ଶ࿨ͷࢉܭΛྻߦͷੵͰද͢͜ͱ͕Ͱ͖ͨɽͭ·Γɼ෼഑ؔ਺ͷ͕ࢉܭɼసૹྻߦ T1, · · · , TM ͷ “ಉ

ͳͬͯཉ͍͠ɽͦͷ৚݅Λ༩ʹ׵શͯՄ͕ྻߦணͨ͜͠ͱʹͳΔɽͦͷͨΊʹ͸ɼҟͳΔసૹؼʹର֯Խͷ໰୊”࣌

͑Δͷ͕ Yang-Baxterؔࣜ܎ͱͳΔͷͰ͋Δɽ6௖఺໛ܕ͸ Yang-Baxterؔࣜ܎Λຬͨ͢Ұͭͷྫʹͳ͍ͬͯΔɽ

3.1.3 6௖఺໛ܕ

۩ମతʹ௖఺ͷΤωϧΪʔ͓ΑͼہॴϘϧπϚϯॏ཰Λ༩͑ͯɼࢉܭΛਐΊΑ͏ɽࠓɼ௖఺ (m, ℓ)ΛҰͭબΜ

Ͱݻఆͨ͠ͱͯ͑ߟɼRmℓ Λ୯ʹ Rͱུ͢هΔɽ͜͜ͰɼہॴϘϧπϚϯॏ཰Λ໼ҹ෇͖ͷάϥϑͰදͦ͏ (ਤ

3.1(c))ɽ͢ͳΘͪɼਤ 3.1(c)͸ɼ(α,β)ͷεϐϯΛೖྗͯ͠ɼ௖఺ʹ͋ΔR-ྻߦͷ࡞༻Λड͚ɼ(γ, δ)ͷεϐϯ͕

ग़͖ͯͨɼͱಡΉɽͨͩ͜͜͠Ͱ (α,β)ͷॱͱɼ(γ, δ)ͷॱ൪ʹ஫ҙ͢Δ͜ͱɽ6௖఺໛ܕͱ͸ɼεϐϯͷ࿨͕อ

ଘ͢ΔΑ͏ͳϘϧπϚϯॏ཰͚͕ͩθϩͰͳ͍஋ΛͱΔ໛ܕͷ͜ͱͰ͋Δɽεϐϯͷ࿨͕อଘ͢Δͱ͸ɼೖྗε

ϐϯͷ࿨ α+ β ͱग़ྗεϐϯͷ࿨ γ + δ͕౳͍͠ͱ͍͏͜ͱͰ͋Δɽ͢Δͱɼશ෦Ͱ 24 = 16௨Γͷ഑ஔͷ͏ͪɼ

θϩͰͳ͍ͷ͸ਤ 3.2ʹࣔ͢ 6௨Γ͚ͩͱͳΔɽશεϐϯΛ͍͍ͬͤʹ൓సͤ͞ΔରশੑΛ໛ܕʹՃຯ͢ΔͱɼϘ

ϧπϚϯॏ཰ͷ஋͸ 3௨ΓʹߜΒΕɼͦΕΒΛ a, b, cͱ໊෇͚Δɽ

3.2 Yang-Baxterؔࣜ܎ͱసૹྻߦͷର֯Խ

3.2.1 Yang-Baxterؔࣜ܎

ਤ 3.3ʹද͞Ε͍ͯΔؔࣜ܎Λ Yang-Baxterؔࣜ܎ͱݺͿɽࢄཚͷॱংʹ஫ҙͯ͠ R-ྻߦͷੵʹද͢ͱ

R12R13R23 = R23R13R12 (3.5)
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ਤ 3.4:

(
ग़ྗεϐϯ
ೖྗεϐϯ

)
=

(
+−+

++−

)
ͷ৔߹ͷ Yang-Baxterؔࣜ܎

ͱͳΔɽͯ͞ɼ(3.5)ͷ྆ล͸ End(V1 ⊗ V2 ⊗ V3)ͷݩͳͷͰɼ8× ͱͳΓɼશ෦Ͱྻߦ8 ͷཁૉʹରԠ͢Δݸ64

Δɽ͜Ε͕੒ΓཱͭͨΊʹɼϘϧπϚϯॏ཰͕͋ࣜ܎ؔ a, b, c͕ຬͨ͢΂͖ؔࣜ܎ΛٻΊΑ͏ɽ

͜͜Ͱɼೖྗεϐϯͷ࿨ͱग़ྗεϐϯͷ࿨͕౳͍͜͠ͱʹ஫ҙ͠Α͏ɽೖྗεϐϯ͕શͯͦΖ͍ͬͯΔͱ͖ʹ

͸ࣗ໌ͳؔࣜ܎Λ༩͑Δɽ͞Βʹɼશεϐϯͷ൓సରশੑΑΓɼೖྗεϐϯͱͯ͠ (−)͕ͻͱͭͷ৔߹ͷΈɼ͢

ͳΘͪɼ(+ +−), (+−+), (+ +−)ͷ 3௨ΓͷΈ͑ߟΕ͹े෼Ͱ͋Δɽग़ྗ΋ಉ༷ʹ 3௨Γ͋ΔͷͰɼશ෦Ͱ 9

௨ΓͱͳΔɽͨͩ͠ɼೖྗεϐϯͱग़ྗεϐϯ͕౳͍͠৔߹ʹ͸ɼࣗ໌ͳؔࣜ܎Λ༩͑Δɽ͕ͨͬͯ͠ɼ࢒Γ͸ 6

௨ΓͰ͋Δɽ͜ͷ͏ͪɼೖྗͱग़ྗΛೖΕସ͑ͨ΋ͷ͸ಉؔࣜ͡܎Λ༩͑ΔͷͰɼ݁ہಠཱͳ΋ͷ͸ 3ͭͱͳΔɽ

͜ΕΒΛਤ 3.4ͷΑ͏ʹ۩ମతʹͯ͠ࢉܭ

⟨+−+|R12R13R23|++−⟩ = c12c13b23 + b12a13c23, ⟨+−+|R23R13R12|++−⟩ = a12b13c23,

⟨−++|R12R13R23|++−⟩ = b12c13b23 + c12a13c23, ⟨−++|R23R13R12|++−⟩ = a12c13a23,

⟨++−|R12R13R23|+−+⟩ = b12c13c23 + c12a13b23, ⟨++−|R23R13R12|+−+⟩ = c12b13a23 (3.6)

ΛಘΔɽ͜ΕΛ a23, b23, c23 ʹର͢Δ࿈ཱํఔࣜͱͯݟɼ͜Ε͕ࣗ໌Ͱͳ͍ղΛͨͭ࣋Ίͷ৚݅͸

∣∣∣∣∣∣∣

0 c12c13 b12a13 − a12b13

−a12c13 b12c13 c12a13

−c12b13 c12a13 b12c13

∣∣∣∣∣∣∣
= a12b12c12a13b13c13

(
a212 + b212 − c212

2a12b12
− a213 + b213 − c213

2a13b13

)
= 0 (3.7)

ͱͳΔɽa, b, cΛਖ਼ͷ࣮਺ͱ͢Δͱɼ͜Ε͸∆ := (a2 + b2 − c2)/(2ab) ͕௖఺ʹΑΒͳ͍ఆ਺ͱͳΔ͜ͱΛҙຯ͢

Δɽ͜ͷͱ͖ɼϘϧπϚϯॏ཰ a, b, c͸ɼ(2.36)Ͱఆٛ͞Εͨؔ਺ ϕ(λ)ͱఆ਺ ηΛͯͬ࢖ɼ

a = ϕ(λ+ η), b = ϕ(λ), c = ϕ(η) (3.8)

ͱύϥϝʔλදࣔͰ͖Δɽ͜͜Ͱɼύϥϝʔλ λͷൣғͱશମͷ֨نԽҼࢠΛద౰ʹબ΂͹ a, b, cΛਖ਼ͷ࣮਺ʹ

͢Δ͜ͱ͕Ͱ͖Δ͕ɼҎ߱͜ͷ఺͸ؾʹͤͣʹ࿩ΛਐΊΔɽ

ͯ͞ɼ࣍ʹ Yang-Baxterؔࣜ܎Λຬͨ͢Α͏ͳ λΛ௖఺͝ͱʹͲ͏બ΂͹Α͍͔Ͱ͋Δ͕ɼ࣮͸ Vj ⊗ Vk ʹର

Ԡ͢Δ௖఺Ͱ͸ λ = λj − λk ͱ͢Ε͹Α͍͜ͱ͕෼͔Δɽ͢ͳΘͪɼ֤εϐϯۭؒ Vj ʹ͸ “εϖΫτϧύϥϝʔ

λ λj”͕ॅΜͰ͍ͯɼVj ⊗ Vk ʹରԠ͢Δ௖఺ͷϘϧπϚϯॏ཰Λ

ajk = a(λj ,λk) := ϕ(λj − λk + η), bjk = b(λj ,λk) := ϕ(λj − λk), cjk = c(λj ,λk) := ϕ(η) (3.9)

ͱ͢Δɽ

3.2.2 Ϟϊυϩϛʔྻߦ

Yang-Baxter͕ؔࣜ܎੒Γཱͭͱ͖ɼసૹ͕ͪͨྻߦՄ׵ʹͳΔ͜ͱΛࣔͦ͏ɽ·ͣɼۭؒ Vj , Vk ʹεϖΫτ

ϧύϥϝʔλ λj ,λk ͕ͦΕͧΕରԠ͍ͯ͠Δͱ͖ɼVj ⊗ Vk ʹରԠ͢Δ௖఺ͷR-ྻߦΛRjk(λj ,λk)ͱॻ͜͏ɽͦ

ͯ͠ɼϞϊυϩϛʔྻߦ τ0,12···L(λ|ξ1, · · · , ξL)Λਤ 3.5Ͱఆٛ͢Δɽ۩ମతʹࣜͰॻ͘ͱɼ

τ0,12···L(λ|ξ1, · · · , ξL) = R0L(λ, ξL) · · ·R02(λ, ξ2)R01(λ, ξ1) (3.10)

ͱͳΔɽτ0,12···L ͷԼͷఴ͑ࣈ 0, 12 · · ·L͸ɼτ0,12···L ͕ۭؒ V0 ⊗ V1 ⊗ V2 ⊗ · · ·⊗ VL Ͱ͋Δ͜ࢠࢉΔԋ͢༺࡞ʹ

ͱΛද͍ͯ͠Δɽ
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ਤ 3.5: Ϟϊυϩϛʔྻߦ

ਤ 3.6: 2ͭͷϞϊυϩϛʔྻߦͷੵʹࠨӈ͔Β R-ྻߦΛ͔͚Δɽ

సૹྻߦ T ͸ࣜ (3.2)ͷΑ͏ʹɼԣͷล্ͷεϐϯશͯʹؔͯ͠࿨Λͱͬͨ΋ͷ͔ͩͬͨΒɼपڥظք৚݅Ͱ

͸ɼϞϊυϩϛʔྻߦʹ͓͍ۭͯؒ V0 ͷೖΓޱͱग़ޱͷεϐϯΛͦΖ͑ͯ࿨Λऔͬͨ΋ͷɼ͢ͳΘۭͪؒ V0 Ͱ

τϨʔεΛऔͬͨ΋ͷʹͳΔɿ

T12···L(λ|ξ1, · · · , ξL) := tr0τ0,12···L(λ|ξ1, · · · , ξL) (3.11)

T12···LͷԼͷఴ͑ࣈ 12 · · ·L͸ɼT12···L͕ۭؒ V1 ⊗ V2 ⊗ · · ·⊗ VL Ͱ͋Δ͜ͱΛද͍ͯ͠Δɽ͜ࢠࢉΔԋ͢༺࡞ʹ

͜Ͱɼۭؒ V0Λิॿۭؒɼۭؒ V1 ⊗ V2 ⊗ · · ·⊗ VLΛྔۭؒࢠͱ͍͏ɽऀޙ͸ྔࢠϋϛϧτχΞϯHXXZ͕࡞༻

͢ΔۭؒͰ͋Δ͜ͱ໊͕લͷ༝དྷͰ͋Δɽ

3.2.3 సૹྻߦͷՄੑ׵

ͯ͞ɼసૹྻߦͷՄੑ׵Λࣔ͢४උͱͯ͠ɼϞϊυϩϛʔྻߦͷੵ τ0(λ)τ0′(µ)ͱɼੵͷॱংΛೖΕସ͑ͨ΋ͷ

τ0′(µ)τ0(λ)Λͯ͑ߟΈΑ͏ɽͨͩ͠ɼ2ͭͷิॿۭؒ V0ɼV0′ ʹ෇ਵ͢ΔεϖΫτϧύϥϝʔλΛͦΕͧΕ λ, µ

ͱͨ͠ɽ·ͨɼτ0(λ) = τ0,12···L(λ|ξ1, · · · , ξL), τ0′(µ) = τ0′,12···L(µ|ξ1, · · · , ξL) ͱུͨ͠هɽ͜͜Ͱɼਤ 3.6ͷΑ

ӈ͔Βࠨʹ͏ R-ྻߦΛ͔͚ͯΈΑ͏ɽͦΕͧΕ R00′(λ, µ)τ0(λ)τ0′(µ)ͱ τ0′(µ)τ0(λ)R00′(λ, µ)ͱͳΔ͕ɼ͜ΕΒ

͸ Yang-Baxterؔࣜ܎ͷ͓ӄͰ౳͘͠ͳΔ

R00′(λ, µ)τ0(λ)τ0′(µ) = τ0′(µ)τ0(λ)R00′(λ, µ) (3.12)

͜ͱ͕෼͔Δ (ਤ 3.7)ɽ͜Εͷ྆ลʹ R-ྻߦͷྻߦٯΛ͔͚ͯ V0 ⊗ V0′ ͰτϨʔεΛͱΔ͜ͱʹΑΓɼ

T0(λ)T0′(µ) = tr00′
[
R00′(λ, µ)

−1τ0′(µ)τ0(λ)R00′(λ, µ)
]
= tr00′ [τ0′(µ)τ0(λ)] = T0′(µ)T0(λ) (3.13)

ͱసૹ͢׵ަ͕ྻߦΔ͜ͱ͕ಋ͔ΕΔɽ

3.2.4 Yang-Baxter୅਺

ͯ͞ɼϞϊυϩϛʔྻߦ τ0,12···L(λ|ξ1, · · · , ξL)Λิॿۭؒ V0Ͱ 2× 2ͷྻߦͰදࣔͯ͠ɼͦͷ 4ͭͷྻߦཁૉ

Λ A,B,C,Dͱॻ͜͏ɿ

τ0,12···L(λ|ξ1, · · · , ξL) =
(
A12···L(λ|ξ1, · · · , ξL) B12···L(λ|ξ1, · · · , ξL)
C12···L(λ|ξ1, · · · , ξL) D12···L(λ|ξ1, · · · , ξL)

)

0

. (3.14)
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ਤ 3.7: Yang-Baxterؔࣜ܎Λ࣍ʑͱద༻͢Δ͜ͱʹΑͬͯɼ྆ऀ͸౳͍͜͠ͱ͕෼͔Δɽ

͜ΕΒ͸ྔۭؒࢠ V1 ⊗ V2 ⊗ · · · ⊗ VL ্ͷԋࢠࢉͱͳΔɽ·ͨɼྔۭؒࢠͷఴ͑ࣈ͸͠͹͠͹লུͯ͠ A(λ) =

A12···L(λ|ξ1, · · · , ξL)౳ͱॻ͘ɽ͜͜Ͱɼసૹྻߦ T ͸ϞϊυϩϛʔྻߦΛิॿۭؒͰτϨʔεΛͱͬͨ΋ͷͩͬ

ͨͷͰɼT (λ) = A(λ) +D(λ)ͱͳΔɽͦΕͰ͸ɼB(λ), C(λ)͸ԿʹରԠ͍ͯ͠ΔͷͩΖ͏͔ʁ͜ΕΒ͸ڞʹɼิ

ॿۭؒͷεϐϯ͕ೖྗͱग़ྗͰ൓స͍ͯ͠Δɽ͜͜Ͱɼೖྗεϐϯͷ࿨ͱग़ྗεϐϯͷ࿨͕อଘ͢Δ͜ͱΛ͍ࢥग़

ͦ͏ɽྔࢠ XXZ໛ܕͷষͰड़΂ͨΑ͏ʹɼྔۭؒࢠʹ͓͍ͯ −εϐϯ (Լ͖޲εϐϯ ↓)ΛཻࢠͱΈͳ͠ɼ+ε

ϐϯ εϐϯ͖޲্) ↑)ΛਅۭͱΈͳͦ͏ɽ͢ΔͱɼB(λ)͸ิॿۭؒͰ −Ͱೖྗͨ͠εϐϯ͕ +ʹͳͬͯग़͖ͯ

͍ͯΔɼ͢ͳΘͪɼཻ͕ࢠͻͱͭʮফ໓ʯ͍ͯ͠ΔɽิॿۭؒͰཻ͕ࢠͻͱͭফ໓͍ͯ͠Δͱ͍͏͜ͱ͸ɼશཻ

ʹۭؒࢠྔ͕ͻͱͭੜ੒͍ͯ͠ͳ͚Ε͹ͳΒͳ͍ɽ͜ͷΑ͏ʹͯ͠ɼB(λ)͕ࢠͰཻۭؒࢠ਺ͷอଘʹΑΓɼྔࢠ

͓͚Δʮੜ੒ԋࢠࢉʯͱΈͳͤΔ͜ͱ͕ಋ͔ΕΔɽಉ༷ʹɼC(λ)͸ʮফ໓ԋࢠࢉʯͱΈͳ͢͜ͱ͕Ͱ͖Δɽ͜ͷ

ੜ੒ফ໓ԋࢠࢉΛͯͬ࢖సૹྻߦΛର֯Խ͠Α͏ɽ

·ͣɼਅۭঢ়ଶ | 0 ⟩ = |↑↑ · · · ↑ ⟩΁ͷసૹྻߦ T (λ) = A(λ) +D(λ)ͷ࡞༻Λௐ΂ͯΈΑ͏ɽͦͷͨΊʹɼϞϊ

υϩϛʔྻߦ τ0(λ)ʹ | 0 ⟩Λ࡞༻ͤ͞Δͱɼ

τ0(λ)| 0 ⟩ =
(
A(λ)| 0 ⟩ B(λ)| 0 ⟩
C(λ)| 0 ⟩ D(λ)| 0 ⟩

)

0

=

(
a(λ)| 0 ⟩ ∗

0 d(λ)| 0 ⟩

)

0

(3.15)

ͱͳΔ͜ͱ͕෼͔Δɽͨͩ͠ɼA(λ), D(λ)ͷݻ༗஋Λ a(λ) =
∏L

n=1 a(λ, ξn), d(λ) =
∏L

n=1 b(λ, ξn) ͱ͓͍ͨɽ͠

͕ͨͬͯɼਅۭঢ়ଶ | 0 ⟩͸సૹྻߦ T (λ)ͷݻ༗஋ a(λ) + d(λ)ͷݻ༗ঢ়ଶͱͳ͍ͬͯΔ͜ͱ͕෼͔ͬͨɽ

લड़ͷٞ࿦ʹΑΓɼਅۭঢ়ଶ | 0 ⟩ʹੜ੒ԋࢠࢉ B(λ)ΛN ճ࡞༻ͤ͞Δ͜ͱʹΑͬͯɼN ঢ়ଶࢠཻ

B(λ1)B(λ2) · · ·B(λN )| 0 ⟩Λߏ੒Ͱ͖Δɽ͜ͷঢ়ଶ΁ͷసૹྻߦ T (λ) = A(λ) +D(λ)ͷ࡞༻Λௐ΂ΔͨΊʹ͸ɼ

A,B,C,Dͷؒͷަ܎ؔ׵ͷ৘ใ͕ඞཁͰ͋Δɽ͜ΕΒͷަ܎ؔ׵͸ɼ࣮͸ؔࣜ܎ (3.12)͔Βग़ͯ͘Δɽ͜ΕΛ

۩ମతʹΈΔͨΊʹɼV0 ⊗ V0′ ۭؒͷ 4× ͱͯ͠ྻߦ4 (3.12)ͷ྆ลΛදࣔ͢Δͱɼ
⎛

⎜⎜⎜⎜⎝

a 0 0 0

0 b c 0

0 c b 0

0 0 0 a

⎞

⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎝

A 0 B 0

0 A 0 B

C 0 D 0

0 C 0 D

⎞

⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎝

A′ B′ 0 0

C ′ D′ 0 0

0 0 A′ B′

0 0 C ′ D′

⎞

⎟⎟⎟⎟⎠
=

⎛

⎜⎜⎜⎜⎝

A′ B′ 0 0

C ′ D′ 0 0

0 0 A′ B′

0 0 C ′ D′

⎞

⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎝

A 0 B 0

0 A 0 B

C 0 D 0

0 C 0 D

⎞

⎟⎟⎟⎟⎠

⎛

⎜⎜⎜⎜⎝

a 0 0 0

0 b c 0

0 c b 0

0 0 0 a

⎞

⎟⎟⎟⎟⎠

ͱͳΔɽͨͩ͠ɼa = a(λ, µ), A = A(λ), A′ = A(µ) ౳ͷදه๏Λ༻͍ͨɽ4× Δ͢ߦ࣮ʹΛ۩ମతࢉͷ͔͚ྻߦ4

͜ͱʹΑΓɼA,B,C,Dͷؒͷަ͕܎ؔ׵෼͔Δɽ·ͣɼ4۱ͷྻߦཁૉΛൺֱͯ͠ɼA,B,C,D͸ҟͳΔεϖΫτ

ϧύϥϝʔλΛࣗͭ࣋෼ࣗ਎ͱަ͢׵Δ͜ͱ͕෼͔Δɽ࣍ʹɼ1ߦ 2ྻཁૉɼ1ߦ 3ྻཁૉΛൺֱ͢ΔͱɼA(λ)ͱ

B(µ)ͷؒͷަ܎ؔ׵A(λ)B(µ) = f(µ,λ)B(µ)A(λ)+g(λ, µ)B(λ)A(µ)ΛಘΔɽ͜ ͜Ͱɼf(λ, µ) = a(λ, µ)/b(λ, µ),

g(λ, µ) = c(λ, µ)/b(λ, µ) Λఆٛͨ͠ɽ

3.2.5 సૹྻߦͷର֯Խͱϕʔςํఔࣜ

͜ͷަ܎ؔ׵Λ͏࢖ͱɼ

T (λ)

(
N∏

ℓ=1

B(zℓ)

)
| 0 ⟩ =

[
a(λ)

(
N∏

ℓ=1

f(zℓ,λ)

)
+ d(λ)

(
N∏

ℓ=1

f(λ, zℓ)

)](
N∏

ℓ=1

B(zℓ)

)
| 0 ⟩

+
N∑

j=1

⎡

⎣a(zj)g(λ, zj)

⎛

⎝
N∏

ℓ̸=j

f(zℓ, zj)

⎞

⎠+ d(zj)g(zj ,λ)

⎛

⎝
N∏

ℓ̸=j

f(zj , zℓ)

⎞

⎠

⎤

⎦B(λ)

⎛

⎝
N∏

ℓ̸=j

B(zℓ)

⎞

⎠| 0 ⟩ (3.16)
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Λࣔ͢͜ͱ͕Ͱ͖ΔɽϕΫτϧ
∏N

ℓ=1 B(zℓ)| 0 ⟩͕సૹྻߦ T (λ)ͷݻ༗ϕΫτϧͱͳΔͨΊʹ͸ɼ๬·͘͠ͳ͍߲

ͷ֤܎਺͕ফ͑ͯ͘ΕΕ͹Α͍ɽ͢ͳΘͪɼݻ༗ϕΫτϧͱͳΔͨΊͷे෼৚݅ͱͯ͠ϕʔςํఔࣜ

L∏

n=1

ϕ(zj − ξn + η)

ϕ(zj − ξn)
=

N∏

ℓ̸=j

ϕ(zj − zℓ + η)

ϕ(zj − zℓ − η)
for j = 1, 2, · · · , N (3.17)

ΛಘΔɽϘϧπϚϯॏ཰Λ౳͘͢͠Δ “Homogeneous limit” ξ1 → η/2, · · · , ξN → η/2ΛͱΕ͹ɼҎલʹಋग़ͨ͠

XXZ໛ܕͷϕʔςํఔࣜ (2.38)ʹҰக͢ΔɽϥϐσΟςΟzj ͕ϕʔςํఔࣜΛຬͨ͢ͱ͖ɼసૹྻߦͷݻ༗஋͸

t(λ) := a(λ)

(
N∏

ℓ=1

f(zℓ,λ)

)
+ d(λ)

(
N∏

ℓ=1

f(λ, zℓ)

)
(3.18)

Ͱ༩͑ΒΕΔɽ

ઌ΄Ͳಋ͍ͨϕʔςํఔࣜ (3.17)͸ɼεϖΫτϧύϥϝʔλ λΛؚΜͰ͍ͳ͍ɽ͢ͳΘͪɼҟͳΔ λʹର͢Δ

T (λ)Λಉ࣌ର֯Խͨ͜͠ͱʹͳΔɽ͜ΕΛ λͰల։͢Δ͜ͱʹΑΓɼແݸݶͷ͍ޓʹՄ׵ͳอଘྔ͕ੜΈग़͞Ε

Δɽಛʹɼసૹྻߦ T (λ)͸ XXZ໛ܕͷӡಈྔK ͱϋϛϧτχΞϯHXXZ ΛҎԼͷΑ͏ʹؚΜͰ͍Δɿ

T (λ) = ϕ(η)L exp

[ ∞∑

n=0

An(λ− η/2)n
]
, A0 = −iK, A1 = ϕ(η)−1 (2HXXZ + L∆) (3.19)

A2, A3, · · · ͸͞Βʹ࣍ߴͷอଘྔΛ༩͑Δɽ·ͨɼసૹྻߦͷݻ༗஋ (3.18)ʹ ξ1 = · · · = ξL = η/2Λ୅ೖ͠ɼ

(3.19)͔ࣜΒXXZ໛ܕͷશӡಈྔͱΤωϧΪʔͷݻ༗஋Λͯ͠ࢉܭΈΔͱɼ࠲ඪϕʔςԾઆ͔ΒٻΊͨࣜ (2.44),

(2.45) ʹҰக͢Δ͜ͱ͕͔֬ΊΒΕΔɽ

4 ͓ΘΓʹ

ຊςΩετͰ͸લ൒Ͱ XXZ໛ܕͷ࠲ඪϕʔςԾઆͷղઆΛ͍ߦɼޙ൒Ͱ 6௖఺໛ܕͷ Yang-Baxter͓ؔࣜ܎

Αͼసૹྻߦͷର֯ԽΛٞ࿦ͨ͠ɽ͜͜Ͱ͸ࢴ਺ͷ౎߹্ৄ͘͠ड़΂ΒΕͳ͔ͬͨ෦෼΋͋ΔͷͰɼڵຯ͋Δಡऀ

͸ྫ͑͹จݙ [5, 6]͓Αͼ೔ຊޠͷղઆࣄه [7, 8]౳Λࢀরͯ͠΄͍͠ɽ࠷৽ͷڀݚʹ͍ͭͯड़΂Δ༨༟͸ͳ͔ͬ

͕ͨɼۙ࠷Ͱ͸౷ֶྗܭͷૅج෇͚ͷ໰୊ͱͯ͠ɼܥࢠྔཱݽͷ؇࿨μΠφϛΫε͕ࢉܭີݫՄೳͳՄੵ෼ܥΛ

༻͍ͯ੝Μʹ͞ڀݚΕ͍ͯΔ [9]ɽ࠷৽ͷಈ޲ʹ͍ͭͯΑΓৄ͘͠͸ϨϏϡʔ࿦จ [10, 11]Λࢀর͞Ε͍ͨɽ
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