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1.2

3

φ = 〈si〉

Jijsisj → Jijsiφ (3)

Z =

[
1 + exp

[
φJ

2T
+

μ− J/2

T

]]N
(4)

J = ΣjJij

F = −T logZ +Nμφ (5)

φ = 〈si〉

exp(μ/T ) =
φ

1− φ
exp

[
− 1

2T
J(φ− 1)

]
(6)

f = F/N

f = T [φ log φ+ (1− φ) log(1− φ)] +
J

2
φ(1− φ) (7)

A φ

∂2f

∂φ2
= 0 (8)

∂3f

∂φ3
= 0 (9)

1.3

7 kBT φ

f/kBT =
1

2
τφ2 +

1

4
μ0φ

4 − hφ (10)

3

Landau
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Landau
φ = 0

1

τ = A(T − Tc) (11)

A T H φ
f h = 0

φ =

{
0 (T ≥ Tc)

±
√

|τ |
μ0

(T < Tc)
(12)

τ < 0

φ

f ( )φ
T > Tc

T < Tc

Figure 1: T = Tc

Van der Waals Landau

1.4 Ginzburg-Landau-Wilson

Landau
Landau φ

φ ∼
√

|τ | ∼ (Tc− T )β (13)

β = 0.5 (14)

β ≈ 0.33
ξ ν ν = 1/2 ν ≈ 0.625
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Landau

a
l

l = λa (15)

φ(r) =
1

v
Σi∈vsi (16)

r v = (λa)d d
i

U =
1

2
Σ<i,j>J(ri − rj)φ(ri)(1− φ(rj)) (17)

φ(ri)(1− φ(rj)) = [(φ(ri)− φ(rj))
2 − (φ(ri)

2 + φ(rj)
2) + 2φ(ri)]/2 (18)

U =
1

4
Σ<i,j>J(ri − rj)(φ(ri)− φ(rj))

2 − J

2
Σi(φ(ri)

2 − φ(ri)) (19)

(φ(ri)− φ(rj))
2 ∼ l2(∇φ)2 (20)

Jd2/2 = Kd3 K

U =
1

2d3

∫
V

dr[Kd3(∇φ)2 + Jφ(1− φ)] (21)

S = −kBΣi[φ log φ+ (1− φ) log(1− φ)] (22)

= −kB
d3

∫
V

dr[φ log φ+ (1− φ) log(1− φ)] (23)

F = U − TS

F =

∫
V

dr

[
1

2
K(∇φ)2 + f(φ)

]
(24)

f(φ) =
Jφ(1− φ)

d3
+

kBT

d3
[φ log φ+ (1− φ) log(1− φ)] (25)

φc = 1/2 ψ = φ− 1/2

F =

∫
V

dr

[
τ

2
ψ2 +

u

4
ψ4 +

K

2
|∇φ|2

]
(26)
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τ = (4kBT − J)/d3 (27)

u = 16T/(3d3) (28)

K = J/2d (29)

1.5

26

F [ψ] =

∫
drf(ψ,∇ψ) (30)

δF [ψ]

δψ
=

∫
dr′ δf(ψ,∇ψ)

δψ
(31)

=

∫
dr′
[
δf

δψ
δ(r − r′) +

δf

δ∇ψ
∇δ(r − r′)

]
(32)

δF [ψ]

δψ
=

δf

δψ
−∇ · δf

δ∇ψ
(33)

33 F 26

τψ + uψ3 −K∇2ψ = 0 (34)

2

ψe = ±
( |τ |

u

)1/2

(35)

Landau
z

τψ + uψ3 −K
d2

dz2
ψ = 0 (36)

dψ/dz z

1

2
τψ2 +

1

4
uψ4 − 1

2
K

(
d

dz
ψ

)2

= −1

4

|τ |2
u

(37)

ψint =

√
|τ |
u

tanh

(√
|τ |
2K

z

)
≡ ψe tanh

(
z√
2ξ

)
(38)

ξ =

√
K

|τ | (39)
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φ

φ

-φ

r

e

e

Figure 2: ξ =
√
K/|τ |

1.6

σ =

∫
dz

[
f(ψint) +

K

2

[
d

dz
ψint

]2
− f(ψe)

]
(40)

f 37

σ = K

∫
dz

[
d

dz
ψint

]2
(41)

(∇ψ)2

σ =
J(Tc − T )

2kBTdξ
(42)

ξ ∼ (Tc − T )−1/2

σ ∝ (Tc − T )3/2 (43)

σ ≈ AkBTc

ξ2
(44)

A 0.1 4.

4
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2

critical slowing down
Langevin

2.1

ψ(r, t)

Langevin

∂

∂t
ψ(r, t) = −L

∂

∂ψ
(βH) + θ(t) (45)

βH 26 θ(t)

〈θ(r1, t1)θ(r2, t2)〉 = 2Lδ(t1 − t2)δ(r1 − r2) (46)

26

∂

∂t
ψ(r, t) = −L[τ + u0ψ

2 −K∇2]ψ + θ(t) (47)

A B
A

J

∂

∂t
ψ(r, t) = −∇ · J (48)

J

J = −L∇[τ + u0ψ
2 −K∇2]ψ + g (49)

g gi(i = x, y, z)

〈gi(r1, t1)gj(r2, t2)〉 = 2Lδijδ(t1 − t2)δ(r1 − r2) (50)

∂

∂t
ψ(r, t) = L∇2[τ + u0ψ

2 −K∇2]ψ + θ(t) (51)

〈θ(r1, t1)θ(r2, t2)〉 = −2L∇2δ(t1 − t2)δ(r1 − r2) (52)

∂

∂t
ψ(r, t) = −L(−∇2)a[τ + u0ψ

2 −K∇2]ψ + θ(t) (53)

〈θ(r1, t1)θ(r2, t2)〉 = −2L(−∇2)aδ(t1 − t2)δ(r1 − r2) (54)

a = 0 a = 1
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2.2

ψ

ψ = ψ̄ + δψ (55)

τeff = τ + 3u0ψ̄
2 53

∂

∂t
δψ = −L(−∇2)a[τeff −K∇2]ψ + θ(t) (56)

ψ(r, t) ψq(t)

∂

∂t
ψq = −Lq2a[τeff +Kq2]ψq + θq (57)

q 〈ψq〉 Γq

Γq = Lq2a(τeff +Kq2) (58)

q Γq > 0

τeff < 0 Γq < 0 q q

2.3

h = 0
t = 0 τ (κ2

0) (−κ2) t > 0
ψ

∂

∂t
ψ = −L[τ −∇2 + u0ψ

2]ψ + θ(t) (59)

Γq = L(−κ2 + q2) (60)

γ0 = Lκ2

ψ3 ψ ±ψe

∇2ψ

∂

∂t
ψ = −L[−κ2 + u0ψ

2]ψ (61)

X(t) = ψ2
e/ψ

2

∂

∂t
X = −2γ0(X − 1) (62)

ψ(t) =
ψ(0)

|ψ(0)|ψe/

[
1 +

[(
ψe

ψ(0)

)2

− 1

]
exp(−2γ0t)

]1/2
(63)

ψe −ψe

|ψ(0)| � ψe
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2.4

±ψe

r ra

ψ(r) ≈ ψint(na · (r − ra)) ≡ ψint(ζ) (64)

ζ r

∇ψ = ψ′
intn (65)

R1, R2 n

∇ · n =
1

R1

+
1

R2

(66)

∇2ψ ≈ ψ′′
int +

(
1

R1

+
1

R2

)
ψ′
int (67)

vnδt ζ −vnδt ψ

−vnψ
′
int = L

(
1

R1

+
1

R2

)
ψ′
int (68)

vn = −L

(
1

R1

+
1

R2

)
(69)

∂

∂t
R = −2L

1

R
(70)

R(t)2 = R(0)2 − 4Lt (71)

l ∼ t0.5 5.

2.5

−∇2

Γq = Lq2(−|τeff |+ q2) (72)

qm

qm =

∣∣∣∣12τeff
∣∣∣∣
1/2

(73)

L|τeff |2/4
5 69 .
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2.6

6

(Lifshitz-Slyozov )

R ∝ t1/3 (74)

ζ ±ψe

δψ

∂

∂t
δψ = D∇2δψ (75)

D = 2Lκ2 (76)

μ = δ(βH)/δψ
μ = 2κ2δψ

μ = −
(

1

R1

+
1

R2

)
ψ′
int +

(
−κ2 − ∂2

∂ζ2
+ 3u0ψ

2
int

)
δψ (77)

ψ′
int

μ0 = −
(

σ

2kBTψe

)(
1

R1

+
1

R2

)
(78)

δψ = −
(

σ

4kBTψeκ2

)(
1

R1

+
1

R2

)
(79)

Gibbs-Thomson −L∇μ

2ψevn = L[n · ∇μ] = D[n · ∇δψ] (80)

1
R1

+ 1
R2

∼ 1/l(t) vn ∂l(t)/∂t, [n · ∇δψ] ∼ δψ/l(t)

∂

∂t
[l(t)3] = const. (81)

l(t) ∼ t1/3 7.

6

[2]
7

.
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3

Ginzburg-Landau-Wilson

8

3.1

9

[3, 4, 5, 6, 7, 8, 9, 10]10.

C
[3]. SiO2 GeO2, H2O

[3].
[4] P

[5]. X
0.02 GPa

P
[6]

3.2

Triphenyl phosphite
[11, 7, 8, 9]

Triphenyl phosphite( TPP) 295 K 205
K

TPP 210 K ∼ 223 K

3.2.1

TPP 216 K ∼ 223 K
3

8

9

10
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Figure 3: 219 K (a) 60 min, (b) 85 min, (c) 110 min,
(d) 135 min, (e) 185 min, (f) 300 min. 20 μm [7]

4
Kolmogorov-Avrami [1],

φ(t) = 1− exp(−Ktn) (82)

K Avrami n Avrami
fitting n = 4

3.2.2

TPP 210 K ∼ 215 K
5

qp
F (qp) exp(γt)

qp 6 Cahn
qp ∝ t−α

α = 0.5
4 63

fitting
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Figure 4:
[9]

Figure 5: 212 K (1) 75 min, (2) 90 min, (3) 120 min,
(4) 150 min, (5) 210 min, (6) 440 min. 20 μm [7]
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Figure 6: A B : [7]

3.2.3

Cahn ξ(= 1/
√
2qp)

7

ξ = ξ0[(TSD − T )/T ]−ν (83)

fitting ξ0 = 60 nm, TSD = 215.5 K, ν = 0.5
ν = 0.5

ξ0 = 60 nm

Figure 7: [7]
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3.3 2

TPP n- [10]

,
. , ,
, ,

, , (ρ)
(S)

[12]

Ej, vj gj
j = ρ j = S

J

f = U − Tσ + [SvS + (1− S)vρ]P

= SES + (1− S)Eρ + JS(1− S) + [SvS + (1− S)vρ]P +

kBT

[
S ln

S

gS
+ (1− S) ln

1− S

gρ

]
(84)

S ∂f/∂S = 0 ,

β[−ΔE +ΔvP + J(1− 2S)] + ln
gρS

gS(1− S)
= 0 (85)

S ΔE = Eρ −ES > 0, Δv = vS − vρ

SSD S = SSD + δS
S = SSD

f(δS) =

∫
dV

[
κ

2
δS2 +

b3
3
δS3 +

b4
4
δS4 + hδS

]
(86)

κ =
kBT

SSD

(1− SSD)− 2J (87)

b3 = −kBT

2

[
1

S2
SD

− 1

(1− SSD)2

]
(88)

b4 =
kBT

3

[
1

S3
SD

− 1

(1− SSD)3

]
(89)

h = −ΔE + PΔv + kBT

[
ln

grho

gS
+ ln

SSD

1− SSD

]
+ J(1− 2SSD) (90)

85 90 T = TSD ∂2f/∂S2 = 0

h = kB

[
ln

grho

gS
+ ln

SSD

1− SSD

]
(T − TSD) (91)

κ =
kB(T − TSD)

2SSD(1− SSD)
(92)
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Figure 8: (a) (b) [8]
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δS h

ρ S

f(δρ, δS) = kBT

∫
dV

[
τ

2
δρ2 +

κ

2
δS2 +

b3
3
δS3 +

b4
4
δS4 + hδS +Kρ(∇δρ)2 +KS(∇δS)2 + CδρδS

]
(93)

∂

∂t
δρ = Lρ∇2[τδρ−Kρ∇2δρ+ CδS] + θρ (94)

∂

∂t
δS = −LS

[
κδS + bδS2 + b4δS

3 + h+KS∇2δS + Cδρ
]
+ θS (95)

θj

8
9

4

[13]

Ta Ta

Ta

4.1

Rc

R
σ ΔG

F ΔH

F = −ΔF
4π

3
R3 + 4πσR2 (96)

Rc F

Rc =
2σ

ΔG
(97)

Fc =
16πσ3

3ΔG2
(98)
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Figure 9: (a) (b) [8]
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ΔG =
Tm − T

Tm

ΔH (99)

Fc

Fc =
16πσ3T 2

m

3(Tm − T )2ΔH2
(100)

J

J = J0 exp

(
− 16πσ3T 2

m

3(Tm − T )2ΔH2kBT

)
(101)

J0

4.2

(a) (b)
(a)

Ostwald

(b)

4.2.1

10 ρ
Q6

[14]

4.2.2
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Figure 10: ρ Q6

[14]

[15]

11

[16]

TPP [17]
Ta

(tw) S Tx

11 J tw

J(tw) = JS exp[−b exp(−tw/τS)] (102)

JS =
kn
τt

exp[−ΔG(Seq)/kBT ] (103)

fitting Seq S

b = [ΔG(0)−ΔG(Seq)]/kBT (104)

b S τS S

JS Ta 12
Tx

101 σ S σ

11Cahn wetting
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Figure 11: [17]

CA B
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Figure 12: Ta = (A) 220 K (B) 217 K, (C) 150 K
20 μm. (D) (E) S

[17].
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5

Directional quenching
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