
ରশੑࢦඪͷ͔ૅجΒ
τϙϩδΧϧઈԑମ΁ͷԠ༻·Ͱ࣍ߴ

౦ژେֶ ෺ཧֶ޻ઐ߈ ౉ล ༔थ

༩͑ΒΕͨରশੑͷ΋ͱͰɺͲͷΑ͏ͳछྨͷτϙϩδ

Χϧ૬͕͋Γ͑Δͷ͔Λ෼ྨͨ͠ΓɺͦΕΒͷτϙϩδΧ

ϧ૬Λ࣮͢ݱΔ۩ମతͳ෺࣭Λ୳͢ࡧΔ͜ͱ͸ɺۙ೥ͷ෺

ੑ෺ཧֶͷओཁͳڀݚςʔϚͷҰͭʹͳ͍ͬͯΔɻؒ࣌൓

సରশੑ΍ཻࢠਖ਼޸ରশɺΧΠϥϧରশੑͷ૊Έ߹Θ͔ͤ

ΒͳΔʮ಺෦ରশੑʯʹՃ͑ͯɺۙ࠷Ͱ͸ɺ཭ࢄฒਐରশ

ੑɺ൓సରশੑɺճసରশੑͳͲͷ૊Έ߹Θ͔ͤΒͳΔʮۭ

Ε͍ͯΔɻຊ͞ڀݚʹͷରশੑʯΛؚΊͨ෼ྨ͕੝Μ܈ؒ

༺Λݱͷରশੑͷද܈ΕΔۭؒݱʹ଄ߏͰ͸ɺόϯυٛߨ

͍ͯɺόϯυߏ଄ͷ΋ͭτϙϩδʔΛܾఆ͢Δʮରশੑࢦ

ඪʯͷํ๏ʹ͍ͭͯৄ͘͠঺հ͢Δɻ

ຊٛߨϊʔτͷߏ੒͸ҎԼͷΑ͏ʹͳ͍ͬͯΔ1ɻୈ 1અ

Ͱ͸ɺ݁থ͕ͭ࣋ରশੑͰ͋Δʮۭؒ܈ʯͷఆٛ΍ͦͷද

ͱΊΔɻୈ·͍ͯͭʹݱ 2અͰ͸ɺిࢠͷόϯυߏ଄Λه

ड़͢Δ༗ޮ໛ܕͰ͋Δʮڧଋറ໛ܕʯʹ͓͍ͯɺۭ͕ؒ܈

ͲͷΑ͏ʹද͞ݱΕΔ͔Λٞ࿦͢Δɻ͜ΕΒͷ४උΛݩʹɺ

ୈ 3,4અͰ͸όϯυߏ଄ʹݱΕΔۭؒ܈ͷରশੑͷදݱͱɺ

ͦͷઈԑମ͕ͭ࣋ඇࣗ໌ͳτϙϩδʔͷؔ܎Λৄࡉʹٞ࿦

͢Δɻ

1. ݱ໿දطͷ܈ɾ఺܈ۭؒ

Λ͓͞Β͍͠Α߲ࣄૅجΔؔ͢ʹݱͱͦͷද܈ۭؒͣ·

͏ɻಛʹిܥࢠͷόϯυߏ଄ͷදݱ࿦ʹ͔ܽͤͳ͍ʮࣹӨ

දݱʯͷৄࡉ΍ʮϊϯγϯϞʔϑΟοΫۭؒ܈ʯͷऔΓѻ

͍ʹ͍ͭͯจ1ݙ, 2) Λิ଍͠ͳ͕Β·ͱΊΔɻ

1.1. ߲ࣄૅجͷ܈ۭؒ

1.1.1. ͷछྨ܈ۭؒ

զʑͷॅΉۭؒࣗମ͸Ұ༷͔ͭ౳ํతͰ͋Γɺ3ݩ࣍Ϣʔ

ΫϦου܈ʢ࿈ଓతฒਐɺ࿈ଓతճసɺۭؒ൓స͓Αͼͦ

ΕΒͷ૊Έ߹Θͤʣͷ΋ͱͰʢগͳ͘ͱ΋೔ৗੜ׆ͷΤω

ϧΪʔεέʔϧͰ͸ʣෆมͰ͋Δɻ෺࣭தͰ͸͜ΕΒͷର

শੑ͕෦෼܈ʹഁΕ͍ͯΔɻෆ७෺ͷଘࡏΛແ͢ࢹΕ͹ɺ

తฒਐରশࢄ෺࣭͸཭ͭ࣋଄ΛߏతʹฒͿ݁থظप͕ࢠݪ

ੑΛͭ࣋ͱͯ͠ྑ͍ɻۭؒ܈ʢspace groupʣͱ͸Ұൠʹɺ

཭ࢄతฒਐ෦෼܈Λͭ࣋Α͏ͳ ͷ෦܈ϢʔΫϦουݩ࣍3

෼܈ͷ͜ͱͰ͋Δɻ

શ ͸શ෦Ͱ܈ۭؒͭ࣋ฒਐରশੑΛࢄ΁ͷ཭޲ํݩ࣍3

230छྨ͋Γɺ୯ʹۭؒ܈ͱͨͬݴ৔߹ʹ͸͜ͷҙຯʹཧ

ղ͞ΕΔɻҰํɺάϥϑΣϯͷରশੑͷΑ͏ʹ ޲ํݩ࣍2

ʢ͜ΕΛ xy ฏ໘ͱ͢Δʣͷ཭ࢄฒਐରশੑ͔ͨ࣋͠ͳ͍

܈͸ɺಛʹϨΠϠʔ܈ۭؒ (layer group)ͱݺ͹Εɺશ 80

छྨ͋Δɻz ͳ͍͕ɺۭؒ൓ͨ࣋΁ͷฒਐରশੑ͸޲ํ࣠

1ຊߘ͸ୈ 64 ճ෺ੑएखՆͷֶߍʢ2019 ೥ 8 ݄։࠵ʣͷٛߨͰ࢖༻
͢ΔςΩετͰ͋Δɻ͜Ε͸ࢽࡶʮݻମ෺ཧʯʹ࿈ࡌதͷ্ࢽηϛφʔͷ
ՄΛಘ্ͨͰ·ͱΊ௚ͨ͠΋ͷͰ͋ΔɻڐΛߘݪ

స΍ڸөͳͲʹΑͬͯ zͷූ߸͕มΘΔ͜ͱ΋ྀ͢ߟΔ఺

͕ɺx, y ʹඪͷ৘ใؚ͔͠·ͳ͍ਅ࠲ ࢴͷ৔߹ͷนݩ࣍2

܈ (wallpaper group)ͱͷ૬ҧ఺Ͱ͋Δɻಉ༷ʹɺ1ݩ࣍

ͳ͍৔߹͸ͨ࣋ฒਐରশੑ͔͠ࢄʢx࣠ͱ͢Δ2ʣͷ཭޲ํ

ϩου܈ (rod group)ͱݺ͹Εɺશ 75छྨ͋ΔɻຊߘͰ͸

ओʹۭؒ܈Λٞ࿦ͭͭ͠ɺྫͱͯ͠ϨΠϠʔ܈΍ϩου܈

΋ѻ͏͜ͱʹ͢Δ3ɻ

1.1.2. ఺܈

ۭؒ R3 ͷ߹ಉૢ͔࡞ΒͳΔ܈ͷ͏ͪগͳ͘ͱ΋͋ΔҰ

఺Λಈ͔͞ͳ͍΋ͷΛ఺܈ (point group)ͱ͍͏ɻۭؒ܈

ͷٞ࿦ʹݱΕΔ఺܈ʹ͸શ෦Ͱ 32छྨ͋ΓɺͦͷҐ਺ʢݩ

ͷ਺ʣ͸༗ݶͰ 1, 2, 3, 4, 6, 8, 12, 16, 24, 48ͷ͍ͣΕ͔

Ͱ͋Δɻ఺܈ P ͷෆಈ఺Λ x⃗0 ∈ R3ͱॻ͚͹ɺP ͷݩ gͷ

x⃗ ∈ R3 ΁ͷ࡞༻͸

g(x⃗) = pg(x⃗− x⃗0) + x⃗0 ∈ R3 (1)

ͱॻ͘͜ͱ͕Ͱ͖Δɻ͜͜ʹ pg ∈ O(3)͸ ྻߦ௚ަݩ࣍3

Ͱ͋Δɻpg ͱͯ͠͸ɺ߃౳ม׵ʹରԠ͢Δ୯Ґྻߦ ͷଞ

ʹ (1) ۭؒ൓సʹରԠ͢Δ− ɺ(2) ͋Δ࣠पΓͷ֯౓ 2πm
n

ͷճసʢn = 2, 3, 4, 6ʣྻߦɺ͓Αͼ (1)ͱ (2)ͷੵ͕ొ৔

͢Δɻྫ͑͹ڸө͸ۭؒ൓సͱ֯౓ πͷճసͷੵͰ͋Δɻ

1.1.3. ฒਐ܈ͱ୯Ґ๔

ฒਐ܈ T ͸جຊฒਐϕΫτϧ a⃗I (I = 1, . . . , d)Ͱಛ௃

෇͚ΒΕΔɻҎԼɺd = 3͸ۭؒ܈ɺd = 2͸ϨΠϠʔ܈ɺ

d = 1͸ϩου܈ʹରԠ͢ΔɻT ͷݩ g ͷ x⃗ ∈ R3 ΁ͷ࡞

༻͸

g(x⃗) = x⃗+ R⃗ ∈ R3, R⃗ =
∑

I

nI a⃗I (2)

ͷܗʹॻ͚Δɻͨͩ͠ nI ͸੔਺ͱ͢Δɻ͜ͷ R⃗Λฒਐϕ

ΫτϧͱݺͿɻҎԼͰ͸ฒਐϕΫτϧ R͚⃗ͩฒਐ͢Δૢ࡞

Λ TR⃗ ∈ T ͱॻ͘͜ͱʹ͢Δɻ

ฒਐ͕܈༩͑ΒΕΔͱɺͦΕʹରԠͯ͠୯Ґ๔ (unit cell)

ΛఆٛͰ͖Δɻ୯Ґ๔ͱ͸ฒਐͷ࡞༻ʹΑͬͯ Rd શମΛ

ॏෳͳ͘ຒΊਚ͘͢ྖҬͷ͜ͱͰ͋Δɻ͜Εʹ͸༷ʑͳબ

ͼํ͕͋Δ͕ɺຊߘͰ͸جຊฒਐϕΫτϧͰுΒΕΔฏߦ

ଟ໘ମ {
∑

I xI a⃗I |0 ≤ xI < 1}ͱ͢ΔɻҎԼͰ͸͜ΕΛ UC

ͱॻ͘ɻ

1.1.4. ༺࡞ͷ࣮ۭؒ΁ͷ܈ۭؒ

܈ۭؒ G ͷݩ g͸ۭؒͷ఺ x⃗ ∈ R3 Λ

g(x⃗) ≡ pgx⃗+ t⃗g ∈ R3 (3)

2z ͕࣠༻͍ΒΕΔ͜ͱ͕ଟ͍͕ɺه๏ͷ౷ҰͷͨΊ x ʹͨ͠ɻ
3ͳͥน܈ࢴͰ͸ͳ͘ϨΠϠʔ܈Λѻ͏ͷ͔ʹ͍ͭͯ͸ 1.3.2 અɻ
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΁ͱม͢׵Δɻ͜͜ʹ pg ∈ O(3)͸ Εͨݱʹࣜ(1) ݩ࣍3

௚ަྻߦͰ͋Δ͕ɺt⃗g ∈ R3 ͸جຊฒਐϕΫτϧ΍ͦͷ࿨

ͷܗͱ͸ݶΒͳ͍ɻGͷ 2ͭͷݩ g, g′ͷੵ gg′͸ɺ͜ͷม

ʹΛ߹੒͢Δͱ෼͔ΔΑ͏׵

pgg′ = pgpg′ , t⃗gg′ = pg t⃗g′ + t⃗g (4)

Ͱಛ௃෇͚ΒΕΔɻ֤ۭؒ܈ͷͦΕͧΕͷݩʹ͍ͭͯͷ pg,

t⃗g ͷ৘ใ͸จ3ݙ) ʹ·ͱΊΒΕ͍ͯΔɻ

܈ۭؒ G ͷฒਐ෦෼܈ T ͸ɺಛʹ G ͷਖ਼ن෦෼܈Ͱ͋
Δ4ɻͦͷͨΊ G ͷཁૉͷ͏ͪฒਐͷҧ͍Λແͨ͠ࢹ΋ͷɺ
͢ͳΘͪ঎ू߹ G/T ͸࠶ͼ܈ͱͳΔɻG/T ͷ֤ݩͷ௚ަ
ྻߦ pg ͷ෦෼ͷΈʹண໨͢Δ͜ͱͰɺG/T ͸ x⃗ = 0⃗Λෆ

ಈ఺ͱ͢Δ఺܈ͱΈͳ͢͜ͱ͕Ͱ͖Δɻ

1.1.5. γϯϞʔϑΟοΫۭؒ܈ͱϊϯγϯϞʔϑΟοΫۭ

܈ؒ

఺܈Pͱฒਐ܈Tͷੵू߹P×Tͷݩ (p, TR⃗), (p
′, TR⃗′)Λ

′Pͷੵ͸p∗p܈Δɻ఺͑ߟ = pp′ ∈ Pɺฒਐ܈Tͷੵ͸TR⃗∗
TR⃗′ = TR⃗+R⃗′ͱఆٛ͞Ε͍ͯΔɻ௚ੵ܈P ×T Ͱ͸P , T ͦ

ΕͧΕಠཱʹੵΛͱΓ (p, TR⃗)∗(p
′, TR⃗′) = (pp′, TR⃗+R⃗′)ͱఆ

ΊΔ͕ɺ͜ΕͰ͸ (4)ࣜͷੵͷఆٛͱ૬༰Εͳ͍ɻ୅ΘΓʹ

(p, TR⃗) ∗ (p
′, TR⃗′) = (pp′, TR⃗ ∗ (pTR⃗′p−1)) = (pp′, TR⃗+pR⃗′)

ͱ͢Δͱ (4)ࣜͱ੔߹͢Δ͜ͱ͕Θ͔Δɻ͜ ΕΛ൒௚ੵP!T

ͱॻ͘ɻ

͜ͷΑ͏ʹۭؒ܈ G͕ɺ͋Δ఺܈ P ͱฒਐ܈ T ͷ൒௚ੵ

G = P!T Ͱ͋Δͱ͖ɺG͸γϯϞʔϑΟοΫ (symmorphic)

Ͱ͋Δͱఆٛ͢Δɻ΋͏গ͠؆୯ʹ͑׵͍ݴΔͱɺ͏·͘

ݩ఺ΛબͿ͜ͱʹΑͬͯ͢΂ͯͷݪ g ∈ G ʹରͯ͠ಉ࣌ʹ
t⃗g [(3)ࣜ]ΛฒਐϕΫτϧ R⃗ [(2)ࣜ]ͷܗʹͰ͖Ε͹γϯ

ϞʔϑΟοΫͰ͋ΓɺͦΕҎ֎ͷͱ͖͸ϊϯγϯϞʔϑΟο

Ϋ (nonsymmorphic)Ͱ͋Δɻ ͷݩ࣍3 ͷ܈ͷۭؒݸ230

͏ͪɺγϯϞʔϑΟοΫͳ΋ͷ͸ Γͷ࢒Ͱ͚ͩݸ73 ݸ157

͸ϊϯγϯϞʔϑΟοΫͰ͋Δɻ

ճసʹҾ͖ଓ͍ͯճస࣠ํ޲ʹ൒୺ͳ੒෼Λͭ࣋ฒਐΛ

͢ΔΒͤΜૢ࡞΍ɺڸөΛͨ͠ޙͰ໘಺ʹ൒୺ͳ੒෼Λ࣋

ͭฒਐΛ͢ΔάϥΠυૢ࡞Λ܈ۭؒͭ࣋ʹݩ͸ඞͣϊϯγ

ϯϞʔϑΟοΫͰ͋Δɻଞํɺۭؒ܈ I212121 (No. 24)΍

I213 (No. 199)͸ྫ֎తͰΒͤΜૢ࡞΍άϥΠυૢ࡞Λ࣋

ͨͳ͍ɻ͔͠͠ɺ֤ݩʹରͯ͠͸ͦΕͧΕద౰ͳݪ఺͕ଘ

͠ࡏ t⃗g ΛฒਐϕΫτϧ R⃗ͷܗʹऔΕΔ͕ɺͦͷͱ͖ଞʹ

൒୺ͳฒਐΛ͕ݩͭ࣋ଘ͢ࡏΔͨΊɺϊϯγϯϞʔϑΟο

ΫͰ͋Δɻ

ϩου܈ p1̄ͷྫ ϩου܈ G = p1̄͸ɺa⃗1 ≡ (a, 0, 0)ͷ n1

ഒ (n1 ∈ Z)͚ͩฒਐ͢Δฒਐૢ࡞ Tn1a⃗1 : (x, y, z) → (x+

n1a, y, z)ʹՃ͑ͯɺۭؒ൓స I : (x, y, z) → (−x,−y,−z)

Λͭ࣋ɻҰൠͷݩ g = Tn1a⃗1I
m ∈ G (m = 0, 1) ͸ pg =

4H ΛGͷ෦෼܈ͱ͢Δɻશͯͷ g ∈ G, h ∈ H ʹରͯ͠ ghg−1 ∈ H
Ͱ͋Δͱ͖ɺH ͸ G ͷਖ਼ن෦෼܈ͱݴΘΕΔɻ

(a) (b)

ਤ 1 (a) ϩου܈ p1̄ Ͱෆมͳ֨ࢠͷྫɻ੺ɺ੨ɺ྘ͷ఺͸ͦΕͧΕຊ
จͷ Λx⃗aɺΛx⃗b

ɺΛx⃗c ʹରԠ͢Δɻ (b) ϨΠϠʔ܈ p6/mmm Ͱෆมͳ
ࢠɺ᝷໨֨ࢠɺϋχΧϜ֨ࢠ֨֯ࡾͷྫɻ੺ɺ੨ɺ྘ͷ఺͸ͦΕͧΕࢠ֨
Λͳ͢ɻ͜ͷଞʹɺΑΓରশੑͷ௿͍఺͕ෳ਺ଘ͢ࡏΔɻ(a),(b) ͱ΋ʹ
ຊฒਐϕΫτϧɺ੺৭ͷྖҬ͸୯Ґ๔ج఺ɺ໼ҹ͸ݪ఺͸ۭؒͷࠇ UCΛ
ද͢ɻ

(−1)m ͓Αͼ t⃗g = n1a⃗1 Ͱಛ௃෇͚ΒΕɺ୯Ґݩ e ͸

n1 = m = 0ͷ৔߹ʹରԠ͢Δɻ఺܈ P = G/T ͸ pe =

͓Αͼ pI = − ͔ΒͳΔɻt⃗g = n1a⃗1 ͕ฒਐϕΫτϧͷܗ

Λ͍ͯ͠ΔͷͰ p1̄͸γϯϞʔϑΟοΫͰ͋Δɻ

1.1.6. ࣮ۭؒʹ͓͚Δيಓͱখ܈

͋Δ x⃗ ∈ R3ΛબΜͰݻఆͨ͠ͱ͖ɺू ߹Gx⃗ ≡ {g(x⃗) | g ∈
G}͸఺ x⃗ͷ Gͷ࡞༻ͷ΋ͱͰͷيಓ (orbit)ͱݺ͹Εɺ෺

ཧతʹ͸ରশੑ G ͷ΋ͱͰෆมͳ֨ࢠΛද͢ɻ͜ͷ֨ࢠΛ
Λx⃗ͱද͢͜ͱʹ͠Α͏ɻ·ͨ Λx⃗ͷ఺ͷ͏ͪ୯Ґ๔ UCʹ

ଐ͢Δ΋ͷͷू߹Λ ΛUC
x⃗ ͱॻ͜͏ɻٯʹ Λx⃗͸ ΛUC

x⃗ Λฒਐ

ରশੑ T ʹΑͬͯʮෑ͖٧ΊΔʯ͜ͱͰಘΒΕΔɻ

܈ۭؒ G Λݻఆͯ͠΋ɺx⃗ͷબͼํ࣍ୈͰ༷ʑͳ͕֨ࢠ

܈ΕΔɻྫ͑͹ϨΠϠʔݱ p6/mmm (No. 80)ͷ৔߹ʹ͸ɺ

ਤ 1(b)ʹࣔͨ͠Α͏ʹɺΛx⃗͸ࢠ֨֯ࡾɺϋχΧϜ֨ࢠɺ᝷

໨֨ࢠͳͲͱͳΔɻۭؒ܈ G ͷରশੑΛͭ࣋ຊ࣭తʹҟͳ
Δ֨ࢠ͸ϫΠίϑҐஔʢ1.1.7અʣʹΑͬͯ෼ྨ͞ΕΔɻ

1.1.5 અͷγϯϞʔϑΟοΫۭؒ܈ͷఆٛ͸ɺ͜ͷ G ෆ
มͳ֨ࢠͷݴ༿Ͱ͑׵͍ݴΔ͜ͱ͕Ͱ͖Δɻx⃗ΛมԽͤ͞

ͯಘΒΕΔछʑͷ Λx⃗ ͷதʹʮαΠτ਺͕୯Ґ๔͋ͨΓ 1

ͭʯʢ|ΛUC
x⃗ | = 1ʣͰ͋Δ΋ͷ͕ଘ͢ࡏΔͱ͖ɺG͸γϯϞʔ

ϑΟοΫͰ͋ΔɻٯʹϊϯγϯϞʔϑΟοΫۭؒ܈ͷͱ͖

͸ɺͲΜͳʹ͏·͘ x⃗ΛબΜͰ΋ ΛUC
x⃗ ͸ඞͣ 2ͭҎ্ͷ఺

ΛؚΉɻઌͷ p6/mmmͷྫͰ͸ɺࢠ֨֯ࡾ͸୯Ґ๔͋ͨ

Γʹ 1͚͔ͭͩ͠αΠτΛͨ࣋ͳ͍ͷͰ p6/mmm͸γϯ

ϞʔϑΟοΫͰ͋Δɻ

܈ಓͱີ઀ʹؔ࿈ͨ֓͠೦ͱͯ͠খي (little group) ͱ

͍͏΋ͷ͕͋Δɻ͜Ε͸ x⃗Λෆมʹอͭ Gͷ෦෼܈Ͱ͋Γɺ
ू߹ͱͯ͠͸ {h ∈ G |h(x⃗) = x⃗}ʹ౳͍͠5ɻҎԼͰ͸͜Ε

Λ Gx⃗ͱॻ͘ɻఆٛΑΓ Gx⃗͸ x⃗Λෆಈ఺ͱ͢Δ఺܈Ͱ͋Δɻ

ΛUC
x⃗ ͷݩͷ਺ |ΛUC

x⃗ |ͱ Gx⃗ ͷҐ਺ |Gx⃗|ͷੵ |ΛUC
x⃗ ||Gx⃗|͸ɺx⃗

ʹΑΒͣৗʹ G/T (1.1.4અ)ͷҐ਺ |G/T |ʹ౳͍͠ɻ

ʹ͸ओݩͷ܈ͷ౎߹Ͱখޙ5 h ͱॻ͘ɻ
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1.1.7. ϫΠίϑҐஔ

ۭؒͷ 2఺ x⃗, y⃗ ∈ R3 ʹର͢Δಉ஋ؔ܎ x⃗ ∼ y⃗ Λɺখ܈

Gx⃗ͱ Gy⃗ ໾Ͱ͋Δ͜ͱɺ͢ͳΘͪʮGy⃗ڞ͕ = gGx⃗g−1ͳΔ

g ∈ G͕ଘ͢ࡏΔ͜ͱʯͱఆΊΔɻྫ ͑͹ɺ⃗xͱ y͕⃗ಉ͡يಓ

্ʹ͋Γɺy⃗ = g(x⃗) (g ∈ G)ͱॻ͚ΔͳΒ͹ɺGy⃗ = gGx⃗g−1

ͱͳΔͷͰ x⃗ ∼ y⃗Ͱ͋Δɻ͔͠͠ಉ͡يಓ্ʹ͋Δඞཁ͸

ͳ͘ɺྫ͑͹ࣗ໌ͳখ܈ Gx⃗ = {e}Λͭ࣋఺͸͢΂ͯಉ஋
Ͱ͋Δɻۭؒ R3 ͷ͢΂ͯͷ఺Λ͜ͷಉ஋ؔ܎Ͱ෼ྨͨ͠

঎ू߹ʢR3/ ∼ʣ͕ϫΠίϑҐஔ (Wyckoff position)Ͱ͋

Δɻ͜ͷ৘ใ΋ (3ݙΕͧΕʹରͯ͠จͦ܈ͷۭؒݸ230 ʹ

·ͱΊΒΕ͍ͯΔɻಉ͡يಓ্ʹ͋Δ৔߹ʹ͸ಉ͡ϫΠί

ϑҐஔʹଐ͢Δ͜ͱ͔ΒɺҟͳΔϫΠίϑҐஔΛྻ͢ڍΔ

ͨΊʹ͸୯Ґ๔ UC಺ͷ఺ʹண໨͢Ε͹े෼Ͱ͋Δɻ

ྫ ܈ͼϩου࠶ p1̄ͷྫΛ༻͍Δɻg = Tn1a⃗1I
m ʹର͠

ͯ g(x⃗) = x⃗Λղ͍ͯΈΔͱɺm = 0ͷͱ͖͸ n1 = 0ʢͭ

·Γ୯Ґݩʣͷͱ͖ͷΈղΛͪ࣋ɺͦͷͱ͖͸౰વ͢΂ͯ

ͷ x͕⃗ղͱͳΔɻҰํm = 1ͷͱ͖͸Ұൠͷ n1 ∈ Zʹର
ͯ͠ x⃗ = (n1a/2, 0, 0)ͱ͍͏ղΛͭ࣋͜ͱ͕෼͔Δɻ͢ͳ

Θͪখ܈ Gx⃗͸ɺx͕⃗ (na/2, 0, 0) (n ∈ Z)ͷͱ͖ T(na,0,0)I

Λཁૉʹͪ࣋ɺ͜ͷଞͷܗͷͱ͖ʹ͸ࣗ໌Ͱ୯Ґݩ eͷΈ

ͱͳΔɻ

·ͨɺG(na/2,0,0) = {e, T(na,0,0)I
m}͕T(n1a,0,0) G(na/2,0,0)

T−1
(n1a,0,0)

= G((n1+n/2)a,0,0) Λຬͨ͢͜ͱʹ஫ҙ͢Δͱɺ

x⃗ = (na/2, 0, 0)ͱ y⃗ = x⃗+ n1a⃗͸ಉ͡ϫΠίϑҐஔʹଐ͠

͍ͯΔ͜ͱ͕֬ೝͰ͖Δɻ͕ͨͬͯ͠ϫΠίϑҐஔ͸ 3ͭଘ

ɺͦͷ୅ද఺ͱͯ͠͸͠ࡏ x⃗a = (0, 0, 0), x⃗b = (a/2, 0, 0),

x⃗c = (x, y, z)ʢͨͩ͠ 0 < x < a/2ʣΛબͿ͜ͱ͕Ͱ͖

Δɻਤ 1(a)ʹࣔͨ͠Α͏ʹɺͦΕͧΕ ΛUC
x⃗a

= {(0, 0, 0)}ɺ
ΛUC
x⃗b

= {(a/2, 0, 0)}ɺΛUC
x⃗c

= {(x, y, z), (a − x,−y,−z)}ͱ
ରԠ͢Δɻʹࢠ֨͏͍

1.2. ೾਺ۭؒ

܈ۭؒ Gͷදݱ͸ɺͦͷෆม෦෼܈Ͱ͋Δฒਐ܈ T ͷද

੒͞ΕΔɻ͜ͷߏʹݩΛݱ T ͷදݱΛಛ௃͚ͮΔͷ͕೾਺

k⃗Ͱ͋Δɻ

1.2.1. ฒਐ܈ͷදݱͱ೾਺ۭؒ

ฒਐ܈ͷݩ TR⃗ ∈ T ͷදݱΛ

Uk⃗(TR⃗) = e−ik⃗·R⃗ (5)

ͱఆΊΔɻ͜ͷදݱͷϥϕϧͰ͋ΔϕΫτϧ k⃗ ͷू߹Λ

೾਺ۭؒͱݺͿɻࢠ֨ٯϕΫτϧ b⃗J (J = 1, . . . , d) Λɺ

a⃗I · b⃗J = 2πδI,J Λຬͨ͢Α͏ʹఆٛ͢Δɻࢠ֨ٯϕΫτϧ

b⃗J ͸೾਺ۭؒʹ͓͚ΔجຊฒਐϕΫτϧͷ໾ׂΛՌͨ͢ɻ

೾਺ۭؒͷ֨ࢠ఺Λ

G⃗ =
∑

J

mJ b⃗J (6)

ͱॻ͘ͱɺ⃗kͱ k⃗+G⃗͸ಉ͡ฒਐͷදݱΛ༩͑ΔͷͰ͢΂ͯ

ಉҰ͢ࢹΔɻ͢ͳΘͪ೾਺ۭؒ͸ͦͷ୯Ґ๔ͷΈΛ͑ߟΕ

͹े෼Ͱ͋Δɻ͜ΕΛୈ 1ϒϦϧΞϯҬ (the first Brillouin

zone)ͱݺͼɺҎԼͰ͸ BZͱॻ͘ɻୈ 1ϒϦϧΞϯҬͱ͠

ͯ͸΢ΟάφʔβΠπ๔ (Wigner-Seitz cell)1) ͕બ͹ΕΔ

͜ͱ͕ଟ͍ͷͰຊߘͰ΋͜Εʹश͏ɻk⃗ͱ k⃗ + G⃗ΛಉҰࢹ

͢Δ΋ͱͰ೾਺ۭؒ͸ dݩ࣍τʔϥεͱಉ૬ʹͳΔɻ

1.2.2. ༺࡞ͷ೾਺ۭؒ΁ͷ܈ۭؒ

(5)ࣜͷදݱͷجఈͱͳΔঢ়ଶΛ |⃗k⟩ͱॻ͘ɻ͢ͳΘͪ

T̂R⃗ |⃗k⟩ = |⃗k⟩e−ik⃗·R⃗. (7)

͜ͷͱ͖ɺĝ|⃗k⟩ͱ͍͏ঢ়ଶΛͯ͑ߟΈΔͱɺ(4)ࣜΛ༻͍ͯ

T̂R⃗(ĝ|⃗k⟩) = ĝ(T̂p−1
g R⃗ |⃗k⟩) = (ĝ|⃗k⟩)e−i(pg k⃗)·R⃗ (8)

ͱͳΔɻ͕ͨͬͯ͠ɺĝ|⃗k⟩͸දݱ Upg k⃗
(TR⃗) = e−i(pg k⃗)·R⃗ͷ

ݩͷ܈ఈͱͳΔ͜ͱ͕෼͔Δɻ͢ͳΘۭͪؒج g ͸೾਺ k⃗

ʹରͯ͠

g(k⃗) = pgk⃗ (9)

ͱ࡞༻͢Δɻk⃗ͷม׵ʹ͸ gͷฒਐ෦෼ t⃗g ͕ޮ͔ͳ͍͜ͱ

ʹಛʹ஫ҙ͍ͨ͠ɻ

1.2.3. ೾਺ۭؒʹ͓͚Δيಓͱখ܈

࣮ۭؒͷͱ͖ͱಉ༷ɺk⃗ ∈ BZΛબΜͰݻఆͨ͠ͱ͖ɺू

߹ Gk⃗ ≡ {g(k⃗) ∈ BZ | g ∈ G}͸ k⃗ͷ G ͷ࡞༻ͷ΋ͱͰͷي
ಓΛද͢ɻಛʹ೾਺ۭؒͰ͸͜ΕΛ k⃗ ͷ੕ (star)ͱݺͼɺ

Sk⃗ ͱॻ͘͜ͱʹ͢Δɻ࣮ۭؒͷ৔߹ͱ͸ҟͳΓɺk⃗ͷ੕ͷ

ཁૉ਺ |Sk⃗|͸༗ݶͰ͋Δɻ
·ͨɺk⃗ ∈ BZΛෆมʹอͭ G ͷ෦෼܈Λ k⃗ ͷখ܈ Gk⃗

ͱݺͿɻू߹ͱͯ͠͸ {h ∈ G |h(k⃗) = k⃗ (+G⃗)}ʹ౳͍͠ɻ
ฒਐ͸ k⃗ Λม͑ͳ͍ͨΊɺGk⃗ ͸ඞͣฒਐ܈ T Λ෦෼܈ʹ

ؚΉɻ͕ͨͬͯ͠ Gk⃗ ࣗ਎͸఺܈Ͱ͸ͳ͍ɻ|Gk⃗/T |ͱ |Sk⃗|
ͷੵ͸ɺk⃗ʹΑΒͣৗʹ |G/T |ʹ౳͍͠ɻ

ྫ ·ͨϩου܈ p1̄ͷྫΛ༻͍ͱɺ⃗b1 = ( 2πa , 0, 0)ɺBZ =

{k⃗b1| − 1
2 < k ≤ 1

2}ͱͳΔɻI(k⃗) = −k⃗ ͳͷͰ k⃗ = 0⃗ͱ

k⃗ = b⃗1/2͸ۭؒ൓సෆมͰ͋Γɺ͜ͷͱ͖ Gk⃗ ͸ G ࣗ਎ɺ
Sk⃗ = {k⃗}ͱͳΔɻ͜ͷଞͷ k⃗ʹ͍ͭͯ͸ɺGk⃗ ͸ฒਐ܈ T

ͱҰக͠ɺSk⃗ = {+k⃗,−k⃗}ͱͳΔɻ

1.3. ݱͷද܈ۭؒ

ຊઅͰ͸ಛʹࣹӨදݱʹॏ఺Λஔ͖ͳ͕Βɺۭؒ܈ͷද

ͱΊΔɻ·͍ͯͭʹݱ

《講義ノート》 物性研究・電子版 Vol. 8, No. 1, 081202（2020年2月号）



1.3.1. ࣹӨදݱ

Ұൠʹɺ܈Gͷྻߦදݱͱ͸ g ∈ G͔Β u(g)΁ͷࣸ૾Ͱ

u(g)u(g′) = u(gg′) (10)

Λຬͨ͢΋ͷͷ͜ͱͰ͋Δɻʢ͜ͷখઅͷ Gͱͯ͠͸ۭؒ

܈ G ΍఺܈ P Λ૝ఆ͍ͯ͠Δɻʣ͔͠͠όϯυߏ଄ͷදݱ

Λٞ࿦͢Δࡍʹ͸

u(g)u(g′) = ω(g, g′)u(gg′) (11)

Λຬࣹͨ͢Өදݱ (projective representation)Λ͑ߟΔඞ

ཁ͕ੜ͡Δɻ͜ͷҐ૬ ω(g, g′) ∈ U(1)ΛࣹӨදݱͷ৐਺ܥ

(factor system)ͱݺͿɻ(10)ࣜΛຬͨ͢௨ৗͷදݱ͸ɺࣹ

Өදݱͱ۠ผͯ͠ઢܕදݱ (linear representation)ͱݺ͹

ΕΔɻ

৐਺ܥ͸೚ҙʹબͿ͜ͱ͸Ͱ͖ͣɺྻߦͷੵͷ݁߹ଇ

[u(g)u(g′)]u(g′′) = u(g)[u(g′)u(g′′)]ʹରԠͯ͠ɺίαΠΫ

ϧ৚݅ ω(g, g′)ω(gg′, g′′) = ω(g, g′g′′)ω(g′, g′′) (g, g′, g′′ ∈
G)Λຬͨ͞ͳ͚Ε͹ͳΒͳ͍ɻ·֤ͨ gʹରͯ͠ u(g)′ =

u(g)eiϕg ͱऔΓ௚͢ͱ

u(g)′u(g′)′ = ei(ϕg+ϕg′−ϕgg′ )ω(g, g′)u(gg′)′ (12)

ͱͳΓɺ৐਺ܥ͸ ω(g, g′)′ = ei(ϕg+ϕg′−ϕgg′ )ω(g, g′) ΁ͱ

ม͞׵ΕΔ͜ͱ͕෼͔Δɻ͜ͷΑ͏ʹ u(g) ͷҐ૬ͷऔସ

͑Ͱ݁ͼͭ͘ҧ͍͸ຊ࣭తͰͳ͘ɺ͜ͷҐ૬ม׵ʹΑΔ৐

਺ܥͷಉ஋ྨΛ͑ߟΔͷ͕ࣗવͰ͋Δɻ͜ΕʹΑͬͯಘΒ

ΕΔຊ࣭తʹҟͳΔ৐਺ܥͷ෼ྨ͸܈ͷୈ 2ίϗϞϩδʔ

H2(G,U(1))Ͱ༩͑ΒΕΔ͜ͱ͕஌ΒΕ͍ͯΔɻ·ͨɺ͜

ͷҐ૬ม׵ͷࣗ༝౓Λར༻ͯ͠ɺ୯Ґݩ e͕͢΂ͯͷ g ∈ G

ʹରͯ͠ ω(e, g) = ω(g, e) = 1Λຬͨ͢Α͏ʹબͿ͜ͱʹ

͢Δɻ

1.3.2. ܥҼ͢Δ৐਺ىʹεϐϯࢠి

όϯυߏ଄ʹݱΕΔදݱͷ৐਺͕ܥඇࣗ໌ʹͳΔݯىʹ͸

େ͖͘෼͚ͯ 2छྨ͋ΔɻҰͭ໨͕ɺి͕ࢠεϐϯ 1/2Λ࣋

ͭ͜ͱʹΑΔɻҰൠʹۭؒ܈ Gͷݩ gͷ఺܈෦෼ pg ∈ O(3)

͸

pg = ±e−iθgn⃗g·L⃗ (13)

ͱॻ͘͜ͱ͕Ͱ͖ΔɻॳΊͷූ߸͸ pg ͷࣜྻߦ det(pg)ʹ

ରԠ͢Δɻࢦ਺ؔ਺ͷ෦෼͸࣠ n⃗g पΓͷ֯౓ θg ͷճసߦ

ྻΛද͠ɺL⃗ = (L1, L2, L3)T ͸֯ӡಈྔԋࢠࢉͷ දݩ࣍3

શ൓ରশςϯιϧ׬Ͱ͋Δʢ۩ମతʹ͸ྻߦݱ ϵΛ༻͍ͯ

(Li)j,k = −iϵijk (i, j, k = 1, 2, 3)ͱ͢Ε͹Α͍ʣɻ(n⃗g, θg)

ͷબͼํʹ͸ෆఆੑ͕͋Γɺ(n⃗g, θg) ͱ (n⃗g, θg + 2πn) ΍

(−n⃗g,−θg) ͸ಉ͡ճసΛද͢͜ͱʹ஫ҙ͍ͨ͠ɻྫ͑͹
0 ≤ θg ≤ πͷΑ͏ʹ੍ͯ͜͠ݶͷෆఆੑΛऔΓআ͜͏ͱ͠

ͯ΋ɺθg = πͷͱ͖ͷॲཧ͕໰୊ʹͳΔɻԿΕʹͤΑɺ֤

g ∈ G ʹରͯ͠ (13)ࣜΛຬͨ͢ (n⃗g, θg)ΛҰͭબΜͰݻఆ

͢Δ͜ͱʹ͢Δɻಛʹ pg = ± ͷͱ͖͸ θg = 0ͱ໿ଋ͢

Δɻ(4)ࣜʹΑΓɺpg ͸ G ͷઢܕදݱͰ͋Δɻ
x⃗΁࡞༻͢Δྻߦ pg ∈ O(3)ʹରԠ͠ɺిࢠͷεϐϯʹ

ྻߦΔ͢༺࡞ pspg ∈ SU(2)Λ

pspg = e−iθgn⃗g·S⃗ (14)

ͱఆΊΔ͜ͱʹ͠Α͏ɻ͜͜ʹ S⃗ = σ⃗/2͸εϐϯ 1/2Λද

͠ɺσ⃗ = (σ1,σ2,σ3)T ͸ύ΢ϦྻߦͰ͋Δɻ͜ͷྻߦ pspg
͸ G ͷࣹӨදݱͱͳΓɺ

pspg pspg′ = ωsp(g, g′)pspgg′ (15)

Λຬͨ͢ɻ

(15)ࣜ͸ిࢠͷεϐϯ ,ωsp(gܥҼ͢Δ৐਺ىʹ1/2 g′) =

±1ͷఆٛࣜͱΈΔ͜ͱ͕Ͱ͖ΔɻݱޙࠓΕΔۭؒ܈ G ΍
খ܈ Gx⃗ɺGk⃗ͷදݱ͸͢΂ͯ͜ͷ ωsp(g, g′)Λ৐਺ܥͱ͢Δ

ࣹӨදݱͰ͋Δɻ(13)ࣜΛຬͨ֯͢౓ (n⃗g, θg)ͷબͼํΛ

ม͑Δͱ ωsp(g, g′)ͷ஋΋มΘΔ͕ɺ͜ͷҧ͍͸ 1.3.1અͰ

ड़΂ͨҐ૬ม׵ͷࣗ༝౓ʹରԠ͢Δɻ

θʔϚϯ࣓৔΍εϐϯيಓ૬࡞ޓ༻ͳͲ͕ͳ͘ɺεϐϯ

ͷ SU(2)ճసରশੑΛԾఆͰ͖Δ৔߹ʹ͸ɺيಓͱεϐϯ

ͷม׵Λผʑʹ͜͏ߦͱ͕ՄೳͱͳΔɻͦͷ৔߹ɺيಓͷ

ม׵Λٞ࿦͢Δࡍʹ͸ҎԼͷٞ࿦Ͱ ωsp(g, g′) = 1ͱ͢Ε

͹͍͍ɻ

ϨΠϠʔ܈΍ϩου܈͸ͦΕͧΕ ͷฒਐݩ࣍ɺ1ݩ࣍2

෦෼܈ͳ͍͕ɺ఺͔ͨ࣋͠܈ pg ͱͯ͠͸͍ͣΕʹରͯ͠

΋O(3)ྻߦΛ͍ͯ͑ߟΔ͜ͱΛ͍ࢥग़ͦ͏ɻ͜Ε͸ pspg ΍

ωsp(g, g′)Λಉఆ͢ΔͨΊʹඞཁ͔ͩΒͰ͋Δɻྫ͑͹ۭؒ

൓స I : (x, y, z) *→ (−x,−y,−z) ͱ z ࣠·ΘΓͷ π ճస

C2z : (x, y, z) *→ (−x,−y,+z)͸ x, y͚ͩΛ͍ͯͯݟ΋۠

ผͰ͖ͳ͍ɻ͔͠͠ిࢠεϐϯʹͱͬͯ͸શ͘ҧ͏ૢ࡞Λ

ද͓ͯ͠ΓɺpspI = ɺpspC2z
= −iσz ͱͳΔɻ

఺܈ 222 ͷྫ εϐϯʹىҼ͢Δ৐਺ܥͷͱͯ΋େ੾ͳ

ྫͱͯ͠ɺ఺܈ 222Λ͑ߟΑ͏ɻ͜ͷ܈ͷҐ਺͸ 4Ͱɺ୯

Ґݩ eͷଞʹ x, y, z ͦΕͧΕͷ࣠पΓͷ π ճసૢ࡞ C2i

(i = x, y, z)Λݩͱͯͭ࣋͠ɻੵ ͸C2xC2y = C2yC2x = C2z

΍ (C2i)2 = eΛຬͨͨ͢Ίɺ͜ͷ܈͸Մ܈׵Ͱ͋Δɻ

g = C2i (i = x, y, z)ͷͦΕͧΕʹର͠ɺn⃗g Λ (1, 0, 0),

(0, 1, 0), (0, 0, 1)ͱ͠ɺθg ͸͢΂ͯ +π ͱબΜͰΈΔɻ͢

Δͱ pspC2i
= e−iπσi/2 = −iσi ͱͳΔͨΊɺిࢠͷεϐϯʹ

ܥҼ͢Δ৐਺ى ωsp ͸

ωsp(C2x, C2y) = ωsp(C2y, C2z) = ωsp(C2z, C2x) = +1

(16)

ωsp(C2y, C2x) = ωsp(C2z, C2y) = ωsp(C2x, C2z) = −1

(17)

ͱٻΊΔ͜ͱ͕Ͱ͖Δɻ
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1.3.3. ϊϯγϯϞʔϑΟοΫͳૢىʹ࡞Ҽ͢Δ৐਺ܥ

খ܈ Gk⃗ ͷදݱͱ͸

Uk⃗(h)Uk⃗(h
′) = ωsp(h, h′)Uk⃗(hh

′) (18)

Λຬࣹͨ͢Өදݱͷ͏ͪɺฒਐ෦෼܈ T ͷද͕ݱ (5)ࣜΛ

ຬͨ͢΋ͷͷ͜ͱͰ͋ΔɻGk⃗ ͷط໿දݱΛٻΊΔͨΊʹɺ

·ͣ͸༗܈ݶ Gk⃗/T ͷط໿දݱΛٻΊ͓͖ͯɺͦΕʹͮج

͍ͯ Gk⃗ ͷط໿දݱΛߏ੒͢Δͱ͍͏͜ͱ͕ߦΘΕΔɻͦ

͜Ͱ Gk⃗/T ͷදݱ uk⃗ Λ

Uk⃗(h) = uk⃗(h)e
−ik⃗·⃗th (19)

ʹΑͬͯಋೖ͠Α͏ɻฒਐ܈ͷදݱΛ (5)ࣜͰఆΊ͍ͯΔ

ͨΊʹɺ͜͏͢Δͱ͔֬ʹ hͱ TR⃗h͸ͱ΋ʹಉ͡ uk⃗ Λ༩

͑ɺGk⃗/T ͷදݱͱ͏ͦ͑ݴͰ͋Δɻ͔͠͠ɺ͜ͷఆٛࣜ

(19)Λ (18)ࣜʹ୅ೖ͢Δͱɺuk⃗ ͸

uk⃗(h)uk⃗(h
′) = ωsp(h, h′)e−ik⃗·(ph t⃗h′−t⃗h′ )uk⃗(hh

′) (20)

Λຬͨ͞ͳ͚Ε͹ͳΒͳ͍͜ͱ͕Θ͔Δɻ͢ͳΘͪ܈ Gk⃗/T

ͷࣹӨදݱ uk⃗ ͷ৐਺ܥ͸ɺω
sp(h, h′)ͱ

ωns
k⃗
(h, h′) ≡ e−ik⃗·(ph t⃗h′−t⃗h′ ) (21)

ͷੵʹͳΔɻٯʹωsp(h, h′)ωns
k⃗
(h, h′)Λ৐਺ܥͱ͢Δ Gk⃗/T

ͷࣹӨදݱ uk⃗(h)͕ಘΒΕΕ͹ɺ(19)ࣜΛ༻͍ͯ ωsp(h, h′)

Λ৐਺ܥͱ͢Δ Gk⃗ ͷࣹӨදߏ͕ݱ੒Ͱ͖Δɻω
ns
k⃗
(h, h′)͸

ϊϯγϯϞʔϑΟοΫͰ͔͕ͭ܈ۭؒ k⃗ ͕ BZද໘ͷ৔߹

ͷΈॏཁʹͳΔɻ

܈ۭؒ P212121 (No. 19)ͷྫ ܈ۭؒ P212121͸ 2ͭͷ

ΒͤΜૢ࡞Sx, Sy͓Αͼ͜ΕΒͷ ʢੵྫ͑͹Sz = (SxSy)−1

΍ Tx = S2
xʣ͔ΒͳΔϊϯγϯϞʔϑΟοΫۭؒ܈Ͱ͋Δɻ

͜ΕΒͷૢ࡞ͷ۩ମܥ͸

Sx : (x, y, z) *→ (x+ ax/2,−y + ay/2,−z), (22)

Sy : (x, y, z) *→ (−x, y + ay/2,−z + az/2), (23)

Sz : (x, y, z) *→ (−x+ ax/2,−y, z + az/2) (24)

Ͱ͋Δɻߴରশ೾਺ k⃗ = (πnx/ax,πny/ay,πnz/az)ʢͨͩ

͠nx, ny, nz͸ 0·ͨ͸ 1ʣʹ ͓͍ͯ͸ɺখ܈Gk⃗͸P212121

ࣗ਎ͱҰக͢Δɻ͜ͷ೾਺ʹ͓͍ͯ۩ମతʹ ωns
k⃗
(h, h′)Λ

ΈΔͱɺͯ͠ࢉܭ͔͍ͭ͘

ωns
k⃗
(Sx, Sy) = eiπ(ny+nz), ωns

k⃗
(Sy, Sx) = eiπnx (25)

ͱͳΔɻಛʹ ωns
k⃗
(Sx, Sy)/ωns

k⃗
(Sy, Sz) = eiπ(nx+ny+nz) =

−1ͱͳΔΑ͏ͳߴରশ೾਺఺ʹରͯ͠͸ɺ͜ͷ৐਺ܥΛߟ

ྀ͢Δ͜ͱͰ͞ڐΕΔط໿දݱͷݩ࣍΍਺͕มԽ͢Δɻྫ

͑͹ɺిࢠεϐϯ͕ͳ͍৔߹ʹ͸ ͕ݱදݩ࣍2 1͚ͭͩͰ

রʣɻࢀΕͳ͘ͳΔʢ1.3.4અ͞ڐ͸ݱදݩ࣍1

1.3.4. ఺܈ͷط໿දݱͱͦͷੑ࣭

͜Ε·Ͱɺ࣮ۭؒʹ͓͚Δ Gx⃗ʢ1.1.6અʣͱ೾਺ۭؒʹ͓

͚Δ Gk⃗/Tʢ1.2.3અʣͷ 2ͭͷ఺ݱ͕܈Εͨɻ෺ཧతԠ༻

ͷࡍʹ͸ɺͦΕͧΕ ωsp(h, h′)ͱ ωsp

k⃗
(h, h′)ωns

k⃗
(h, h′)Λ৐

਺ܥͱ͢ΔࣹӨදݱΛ͑ߟΔ͜ͱʹͳΔʢ1.3.2͓Αͼ 1.3.3

અʣɻ͜͜Ͱ͸ΑΓҰൠʹɺ৐਺ܥΛ ω(p, p′)ͱ͢Δ఺܈ P

ͷࣹӨදݱͷੑ࣭ʹ͍ͭͯ·ͱΊΑ͏6ɻ

P ͷط໿දݱΛ uα(p)ʢα = 1, . . . , Nʣͱॻ͖ɺͦͷࢦ

ඪ tr[uα(p)]Λ χα(g)ɺݩ࣍ΛDα = χα(e)ͱ͢هɻࣹӨද

ͷ௚ަੑݱͷͱ͖ͱಉ༷ʹදݱදܕͷ৔߹ʹ΋ઢݱ

∑

p∈P

[uα(p)]∗i,j [u
β(p)]k,l =

|P |
Dα

δi,kδj,lδα,β (26)

͕੒ཱ͢Δɻ͜ΕΑΓ௚ͪʹࢦඪͷ௚ަੑ

∑

p∈P

[χα(p)]∗χβ(p) = |P |δα,β (27)

΋ಋ͔ΕΔɻ͕ͨͬͯ͠ɺҰൠͷࣹӨදݱ u(p)ʹؚ·ΕΔ

ݱ໿දط uα(p)ͷ਺͸

nα ≡ 1

|P |
∑

p∈P

[χα(p)]∗χ(p), χ(p) = tr[u(p)] (28)

͔ΒٻΊΔ͜ͱ͕Ͱ͖Δɻ·ͨɺදݱͷݩ࣍Dα ʹରͯ͠

΋ઢܕදݱͷͱ͖ͱಉ༷ʹ

∑

α

(Dα)2 = |P | (29)

͕੒ཱ͢Δɻ·ͨɺҟͳΔࣹӨط໿දݱuα(p)ʢα = 1, . . . , Nʣ

ͷ਺͸

N =
1

|P |
∑

p,p′∈P

ω(p, p′)

ω(p′, p)
δpp′,p′p (30)

Ͱ༩͑ΒΕΔ4)ɻ

ྫ ܈ͼ఺࠶ 222Λ͑ߟΑ͏ɻ͜ͷ܈͸Մ܈׵Ͱ͋ΔͨΊɺ

ઢܕදݱͱͯ͠͸ ͕ݱදݩ࣍1 4ͭಘΒΕΔɻ۩ମతʹ͸ɺ

uα(C2x) = ±1ͱ uα(C2y) = ±1ΛબͿͱɺuα(C2z)͕ࣗ

ಈతʹ uα(C2z) = uα(C2xC2y) = uα(C2x)uα(C2y)͔Βܾ

·Δɻ͜ͷͱ͖ 12 +12 +12 +12 = 4ͷΑ͏ʹ (29)͕ࣜຬ

ͨ͞Ε͍ͯΔ͜ͱʹ஫ҙ͢Δɻ

ҰํɺిࢠͷεϐϯʹىҼ͢Δ৐਺ܥ ωsp ΛྀߟʹೖΕ

Δͱɺuα(C2x)uα(C2y) = −uα(C2y)uα(C2x)ͷΑ͏ʹදݱ

͕ඇՄ׵ʹͳΔɻҰൠʹඇՄ׵දݱΛ࣮͢ݱΔ ݱදݩ࣍1

͸ଘ͠ࡏͳ͍ɻ࣮ࡍɺ͜ͷ৐਺ܥΛͭ࣋఺܈ 222ͷදݱ͸

͕ݱදݩ࣍2 1ͭͰ͋Γɺuα(C2i) = pspC2i
= −iσiͰ༩͑Β

ΕΔɻ͜ͷ৔߹ɺ(29)ࣜ͸ 22 = 4ͱͯ͠੒ཱ͍ͯ͠Δɻ

6ຊߘͷ໨తʹԊͬͯ఺ݶʹ܈ఆ͕ͨ͠ɺຊઅͰ঺հ͢Δ಺༰͸Ұൠͷ
༗܈ݶʹରͯ͠੒ཱ͢Δɻ

《講義ノート》 物性研究・電子版 Vol. 8, No. 1, 081202（2020年2月号）



ྫ ઌʹड़΂ͨ఺܈ 222ͷ৔߹ʹ͸ɺ|P | = 4Ͱ͋Γɺ4࣍

ྻߦͷΤϧϛʔτݩ hΛద౰ʹબͿɻ(16),(17)ࣜͷ৐਺ܥ

Λݩʹਖ਼ଇදݱΛߏ੒͠ɺhΛରশԽ͢Δɻ͜ΕΛର֯Խ

͢Ε͹ɺΤωϧΪʔݻ༗஋͸ 2ॏॖୀͨ͠४Ґ͕ೋͭग़ͯ

͘Δɻ͜Ε͸ઌड़ͷ ͕ݱ໿දطݩ࣍2 2ؚͭ·Ε͍ͯΔ͜

ͱʹରԠ͍ͯ͠Δɻ

2. όϯυߏ଄ͷදݱͱద߹ؔ܎

ຊઅͰ͸ɺपظϙςϯγϟϧதͷిࢠঢ়ଶΛಛ௃෇͚Δ

ʮόϯυߏ଄ʯʹରͯ͠ɺ݁থͷରশੑ͕ͲͷΑ͏ʹӨڹΛ

ͷରশੑ܈ۭؒʹ࿦͢Δɻಛٞʹࡉৄ͍ͯͭʹͷ͔͢΅ٴ

ΕΔ͔ʹ͍ͭͯಛʹৄ͘͠ղઆ͞ݱͰͲ͏දܕଋറ໛ڧ͕

͢Δɻ

2.1. ܕଋറ໛ڧ

2.1.1. ໛ܕͷఆٛ

ܕଋറ໛ڧ (tight-binding model)͸཭ࢠ֨ࢄ఺ Λ ⊂ Rd

্ʹఆٛ͞Εͨࣗ༝ཻࢠͷ໛ܕͰ͋Γɺ͜͜Ͱ͸ಛʹࣗ༝

ͷ৔߹Λٞ࿦͢Δɻ֤୯Ґ๔ʹεϐϯࣗ༝౓ΛؚΊͯࢠి

ܭ߹ Norb ಓ͕͋Δͱ͢ΔɻͦΕͧΕͷ୯Ґ๔Λฒيͷݸ

ਐϕΫτϧ R⃗ Ͱࢦఆ͠ɺಛʹ R⃗ = 0⃗ ʹ͋Δ୯Ґ๔Λ UC

ͱ͢هɻUC಺ͷ s൪໨ͷيಓ (s = 1, . . . , Norb)ͷҐஔΛ

r⃗s ∈ Λͱॻ͘ɻ

ԣϕΫτϧ ĉ†
R⃗
͸ɺͦͷୈ s੒෼ (ĉ†

R⃗
)s ͕ s൪໨ͷيಓ

ͷిࢠΛ୯Ґ๔ R⃗ʹ࡞Δੜ੒ԋࢠࢉͰ͋ΓɺϑΣϧϛΦϯ

ͷ൓ަ܎ؔ׵ {(ĉR⃗)s, (ĉ
†
R⃗′)s′} = δR⃗,R⃗′δs′,sΛຬͨ͢ͱ͢Δɻ

͍ͯ༺͸ɺ͜ΕΛܕଋറ໛ڧ

Ĥ =
∑

R⃗,R⃗′

ĉ†
R⃗′HR⃗−R⃗′ ĉR⃗

=
∑

R⃗,R⃗′

∑

s′s

(ĉR⃗′)
†
s′(HR⃗−R⃗′)s′,s(ĉR⃗)s (31)

ͱఆٛ͞ΕΔ7ɻH∆R⃗ (∆R⃗ = R⃗−R⃗′)͸ඈͼҠΓੵ෼΍εϐ

ϯيಓ૬࡞ޓ༻ͳͲΛද͢Norbྻߦݩ࣍ͰH†
∆R⃗

= H−∆R⃗

Λຬͨ͢ɻฒਐରশੑ T ΛԾఆ͠ɺH∆R͕⃗ R⃗ͱ R⃗′ͷࠩʹ

͔͠ґଘ͠ͳ͍͜ͱΛطʹ༻͍͍ͯΔɻ͞Βʹϋϛϧτχ

Ξϯͷہॴੑɺͭ·ΓH∆R͕⃗େ͖ͳ |∆R⃗|ʹରͯ͠े෼ૣ
଄ͷ࿈ଓੑ΍ߏਰ͢Δ͜ͱ΋ཁ੥͢Δɻ͜Ε͸όϯυݮ͘

ղੳੑͱؔ͢܎ΔॏཁͳԾఆͰ͋Δɻ

ҎԼʹࣔ͢Α͏ʹ Ĥ Λର֯Խ͢Δ͜ͱͰNorb ຊͷΤω

ϧΪʔόϯυ͕ಘΒΕΔɻ͜ͷόϯυߏ଄ʹରۭؒ͠܈ͷ

ରশੑ͔ΒͲͷΑ͏ͳҰൠత੍ݶΛ͔͚Δ͜ͱ͕Ͱ͖Δͷ

͔͕ຊߘͷয఺ͷҰͭͰ͋Δɻ

7࿈ଓ্ۭؒͷ໛ܕʢΛ → Rd, Norb → ∞ ʹରԠʣ΋ద౰ͳ཭ࢄԽ
Λ͢Ε͹͜ͷܗʹॻ͘͜ͱ͕Ͱ͖ΔͷͰɺࣗ༝ిܥࢠͷ໛ܕͱͯ͠͸ඇ
ৗʹҰൠతͳΫϥεΛѻ͍ͬͯΔ͜ͱʹͳΔɻ·ͨ Ĥ ͸ిࢠ਺ N̂el ≡
∑

R⃗ ĉ†
R⃗
ĉR⃗ =

∫
BZ

ddk
vBZ

ˆ̃c†
k⃗
ˆ̃ck⃗ Λอଘ͢Δɻ

2.1.2. ϑʔϦΤม׵

ϑʔϦΤม׵Λ ˆ̃c†
k⃗
≡
∑

R⃗ ĉ†
R⃗
eik⃗·R⃗, ĉ†

R⃗
=
∫
BZ

ddk
vBZ

e−ik⃗·R⃗ ˆ̃c†
k⃗

(vBZ ͸ୈҰϒϦϧΞϯκʔϯ BZ ͷମੵ) ͱఆٛ͢Δͱɺ

ϋϛϧτχΞϯ͸֤ k⃗ ͝ͱʹϒϩοΫର֯Խ͞Εͯ Ĥ =
∫
BZ

ddk
vBZ

ˆ̃c†
k⃗
H̃k⃗

ˆ̃ck⃗ɺੜ੒ফ໓ԋࢠࢉͷ֨نԽ͸ {ˆ̃ck⃗, ˆ̃c†
k⃗′} =

vBZδd(k⃗−k⃗′)ͱͳΔɻ͜ ͷఆٛͰ͸ H̃k⃗ ≡
∑

R⃗ eik⃗·R⃗HR⃗ͷ೾

਺ґଘੑ͸ eik⃗·R⃗Λ௨ͯ͠ͷΈݱΕΔͷͰɺH̃k⃗͸ k⃗ → k⃗+G⃗

ʹରͯ͠ෆมͰ͋Γɺ೾਺ۭؒͷେҬతੑ࣭ʢdݩ࣍τʔ

ϥεͱಉ૬ʣͱ૬ੑ͕ྑ͍ɻ

ϑʔϦΤม׵ʹ͸ผͷྲّྀ΋ଘ͢ࡏΔɻͦΕ͸୯Ґ๔ͷ

Ґஔ R⃗ ͷ୅ΘΓʹيಓͷ࣮ࡍͷҐஔ R⃗ + r⃗s ∈ Λ Λ༻͍

ͯ (ĉ†
k⃗
)s ≡

∑
R⃗(ĉ

†
R⃗
)seik⃗·(R⃗+r⃗s) = (ˆ̃c†

k⃗
)seik⃗·r⃗s ͱ͢Δ΋ͷͰ

͋Δɻ2 ͭͷϑʔϦΤม׵ͷఆٛ͸ɺྫ͑͹ ĉ†
k⃗
= ˆ̃c†

k⃗
V †
k⃗
ɺ

Hk⃗ = Vk⃗H̃k⃗V
†
k⃗
ͱ͍ͬͨ۩߹ʹɺϢχλϦྻߦ (Vk⃗)s′,s =

δs′,se−ik⃗·r⃗sͰ݁͹Ε͍ͯΔɻVG⃗ ̸= Ͱ͋ΔͨΊɺHk⃗͸ k⃗ →
k⃗ + G⃗ʹରͯ͠ෆมͰ͸ͳ͘ɺ୅ΘΓʹHk⃗+G⃗ = VG⃗Hk⃗V

†
G⃗

Λຬͨ͢ɻ͜ͷͨΊɺ೾਺ k⃗ͷ G⃗ͷҧ͍Λ׬શʹແ͢ࢹΔ

͜ͱ͕Ͱ͖ͳ͘ͳͬͯ͠·͏ͷͰ஫ҙΛཁ͢Δɻ

͜ͷ 2ͭͷϑʔϦΤม׵ͷఆٛͷҧ͍͸༷ʑͳࠞཚͷݪ

ҼͱͳΔ͕ɺͦΕͧΕΛίϯγεςϯτʹ͍ͯͬ࢖ΔݶΓ

෺ཧతͳࠩҟ͸ੜ͡ಘͳ͍ɻຊߘͰ͸Ұͭ໨ͷఆٛͰٞ࿦

ΛਐΊΔʢνϧμ͕ࢸΔॴʹݱΕͯ͠·͍൥Θ͍͕͠ɺจ

(5ݙ ͷه๏ʹ߹ΘͤΔͨΊʹ͜ͷΑ͏ʹͨ͠ʣɻ

2.1.3. ͷରশੑܕଋറ໛ڧ

ݩͷ܈ɺۭ͍͓ؒͯʹܕଋറ໛ڧ g ∈ G ͸ ˆ̃c†
k⃗
Λ

ĝˆ̃c†
k⃗
ĝ−1 = ˆ̃c†

g(k⃗)
Ũk⃗(g), (32)

ͱม͢׵Δͱ͢Δɻ͜͜Ͱ g(k⃗) = pgk⃗͸ gͷ೾਺ k⃗΁ͷ࡞

༻Ͱ͋Δʢ1.2.2અʣɻ·ͨ Ũk⃗(g)͸ Norb ߦϢχλϦݩ࣍

ྻͰ

Ũg′(k⃗)(g)Ũk⃗(g
′) = ωsp(g, g′)Ũk⃗(gg

′), (33)

Ũk⃗+G⃗(g) = Ũk⃗(g) (34)

Λຬͨ͢ɻྫ͑͹ g͕ฒਐͷ৔߹͸ Ũk⃗(TR⃗) = e−ik⃗·R⃗ Ͱ͋

Γɺ͜Ε͸ঢ়ଶ (ˆ̃c†
k⃗
)s|0⟩͕ฒਐରশੑ T̂R⃗ ͷݻ༗஋ e−ik⃗·R⃗

Λݻͭ࣋༗ঢ়ଶͰ͋Δ͜ͱΛҙຯ͍ͯ͠Δɻωsp(g, g′) ͸

1.3.2અͰٞ࿦ͨ͠ిࢠεϐϯʹىҼ͢Δ৐਺ܥͰ͋Γɺి

ͳ͍৔߹΍εϐϯͷྀ͠ߟεϐϯΛࢠ SU(2)ճసରশੑΛ

Ծఆ͢Δ৔߹ʹ͸ ωsp(g, g′) = 1ͱ͢Ε͹Α͍ɻŨk⃗(g)͸ي

ಓͷҐஔ r⃗s͕ଐ͢ΔϫΠίϑҐஔ΍يಓͷछྨͳͲʹґଘ

͢Δɻͦͷ۩ମతͳදࣜ͸ଟগࠐΈೖΔͷͰɺ2.3અͰվΊ

ͯٞ࿦͢Δ͜ͱʹ͢Δɻ

Ĥ ͕ରশੑ ĝͷ࡞༻ͷ΋ͱͰෆมͰ͋Δ͜ͱɺ͢ͳΘͪ

ĝĤĝ−1 =

∫

BZ

ddk

vBZ
ˆ̃c†
g(k⃗)

Ũk⃗(g)H̃k⃗Ũk⃗(g)
†ˆ̃cg(k⃗) = Ĥ (35)
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Λཁ੥͢Δͱɺ৚݅ Ũk⃗(g)H̃k⃗Ũk⃗(g)
† = H̃g(k⃗) ͋Δ͍͸

Ũk⃗(g)H̃k⃗ = H̃g(k⃗)Ũk⃗(g) (36)

ݩ֤͕ g ∈ G ʹରͯ͠ಘΒΕΔɻĤ ͸͢΂ͯͷ k⃗ Λ·ͱ

ΊͯΈ͍ͯΔͷͰ ĝͱަ͢׵Δ͕ɺ֤ k⃗ΛผݸʹΈ͍ͯΔ

H̃k⃗ ͸ඞͣ͠΋ Ũk⃗(g)ͱ͸ަͣͤ׵ɺҰൠʹ͸೾਺͕ g(k⃗)

΁ͱҠΓมΘΔɻ

2.1.4. ֤ k⃗ͰͷରশੑͱϋϛϧτχΞϯͷର֯Խ

ͦ͜Ͱ k⃗ͷখ܈ Gk⃗ʢ1.2.3અʣʹண໨͠Α͏ɻh ∈ Gk⃗ ʹ

ରͯ͠͸ Ũk⃗(h)ͱ H̃k⃗ ΔͷͰɺH̃k⃗͢׵ަ͕ ͷݻ༗஋΍ݻ

༗ϕΫτϧʹର੍ͯ͠ݶΛ͔͚Δ͜ͱ͕Ͱ͖Δɻ

(33)ࣜʹΑΔͱ Ũk⃗͸ Gk⃗ͷࣹӨදݱͰ͋Δ͕ɺҰൠʹ͸

Մ໿Ͱ͋Γɺط໿දݱ Uα
k⃗
(α = 1, . . . , Nk⃗)΁ͱط໿෼ղͰ

͖Δɻͭ·Γɺ͢΂ͯͷ h ∈ Gk⃗ʹରͯ͠ڞ௨ͷϢχλϦߦ

ྻ Ψ̃k⃗ ΛҰͭબΜͰ

Ũk⃗(h) = Ψ̃k⃗

⎛

⎜⎜⎜⎜⎜⎝

Uα1

k⃗
(h) 0 · · · 0

0 Uα2

k⃗
(h) · · · 0

...
...

...

0 0 · · · U
αM

k⃗

k⃗
(h)

⎞

⎟⎟⎟⎟⎟⎠
Ψ̃†

k⃗

(37)

ͱϒϩοΫର֯Խ͢Δ͜ͱ͕Ͱ͖Δɻ͜ͷجఈͰ͸ H̃k⃗ ͸

H̃k⃗ = Ψ̃k⃗

⎛

⎜⎜⎜⎜⎜⎝

ε1k⃗ 0 · · · 0

0 ε2k⃗ · · · 0
...

...
...

0 0 · · · εMk⃗ k⃗

⎞

⎟⎟⎟⎟⎟⎠
Ψ̃†

k⃗
(38)

ͷΑ͏ʹࣗಈతʹର֯Խ͞Ε͍ͯΔ͜ͱ͕γϡʔΞͷิ

୊1) ͔ΒΘ͔ΔɻĤ ʹ෇Ճతͳରশੑ͕ͳ͚Ε͹ɺҰൠ

ʹ εk⃗n ͸શͯҟͳΔɻ͕ͨͬͯ͠ΤωϧΪʔݻ༗஋ εk⃗n
(n = 1, . . . ,Mk⃗)ʹ͔͔Δ୯Ґྻߦ ͷݩ࣍͸͜ͷΤωϧ

Ϊʔݻ༗஋ͷॖୀ౓Λද͠ɺ͜Ε͸ط໿දݱ Uαn

k⃗
ͷݩ࣍

Dαn

k⃗
ͱҰக͢Δɻ΋ͱ΋ͱ H̃k⃗ ͕ Norb Ͱ͋ͬྻߦͷݩ࣍

ͨ͜ͱ͔Β໌Β͔ʹ
∑

n D
αn

k⃗
= Norb ͕ຬͨ͞Ε͍ͯͳ͚

Ε͹ͳΒͣɺ͜ΕͰܭNorbຊͷΤωϧΪʔόϯυ͕ಘΒΕ

ͨ͜ͱʹͳΔɻ֤ εk⃗nΛ k⃗ͷؔ਺ͱͯ͠ϓϩοτͨ͠΋ͷ

͕ΤωϧΪʔόϯυਤͰ͋Δɻ

(38)ࣜʹΑΕ͹ɺΨ̃k⃗ ͷ֤ྻ͸ H̃k⃗ ͷݻ༗ϕΫτϧΛද

͍ͯ͠Δɻݻ༗஋ εk⃗n Λݻͭ࣋༗ϕΫτϧͷ͏ͪ i ൪໨

(i = 1, . . . , Dαn

k⃗
)ͷ΋ͷΛ ψ̃k⃗ni ͱॻ͘͜ͱʹ͠Α͏

8ɻ͢

Δͱ (37)ࣜΑΓ

Ũk⃗(h)ψ̃k⃗ni =
∑

i′

ψ̃k⃗ni′ [U
αn

k⃗
(h)]i′,i (39)

͕ै͍ɺ{ψ̃k⃗ni}i ͸ط໿දݱ Uαn

k⃗
ͷجఈͱͳΔ͜ͱ͕Θ

͔Δɻ
8u ͕༻͍ΒΕΔ͜ͱ͕ଟ͍͕ɺදݱͷ u ͱฆΒΘ͍͠ͷͰຊߘͰ͸

ψ ͱͨ͠ɻ

Ͱ͸ࢉܭͷࡍ࣮ Ũk⃗(h)Λ (37)ࣜͷΑ͏ʹϒϩοΫର֯Խ

͢ΔྻߦΛఱԼΓతʹ͚ͭݟΔ͜ͱ͸༰қͰ͸ͳ͍ɻΉ͠

Ζ H̃k⃗ Λ (38)ࣜͷΑ͏ʹ௚઀ର֯Խͯ͠ݻ༗ϕΫτϧ Ψ̃k⃗

ΛٻΊɺͦΕΛ༻͍ͯྻߦཁૉ

[Uαn

k⃗
(h)]i′,i = ψ̃†

k⃗ni′
Ũk⃗(h)ψ̃k⃗ni (40)

Λ͢ࢉܭΔ͜ͱʹΑͬͯ Uαn

k⃗
(h)ΛٻΊΔ͜ͱ͕Ͱ͖Δɻ

2.1.5. ҟͳΔ೾਺Λ݁Ϳ sewing matrix

લઅͰ͸খ܈ Gk⃗ ͷݩʹ͍ͭͯٞ࿦ͨ͠ͷͰɺ͜͜Ͱ͸

ΑΓҰൠͷݩ g ∈ G Α͏ɻH̃k⃗͑ߟ͍ͯͭʹ ͷݻ༗ঢ়ଶ

ψ̃k⃗ni (i = 1, . . . , Dαn

k⃗
)ʹ Ũk⃗(g)Λ࡞༻ͤ͞Δͱɺ(8)ࣜ΍

(36)͔ࣜΒɺŨk⃗(g)ψk⃗ni ͸ϋϛϧτχΞϯ H̃g(k⃗) ͱฒਐର

শੑ Ũg(k⃗)(TR⃗)ͷಉݻ࣌༗ঢ়ଶͰ͋Γɺݻ༗஋͸ͦΕͧΕ

εg(k⃗)n = εk⃗nͱ e−ig(k⃗)·R⃗Ͱ͋Δ͜ͱ͕෼͔Δɻ͕ͨͬͯ͠

Ũk⃗(g)ψ̃k⃗ni ͸

Ũk⃗(g)ψ̃k⃗ni =
∑

i′

ψ̃g(k⃗)ni′ [Wk⃗n(g)]i′,i (41)

ͱల։Ͱ͖Δ͸ͣͰ͋Δɻ͜͜ʹݱΕͨWk⃗n(g)͸Dαn

k⃗
࣍

Ͱ͸ݙͰɺจྻߦϢχλϦݩ sewing matrixͱݺ͹Εͯ

͍Δ6)ɻWk⃗n(g)΋ Ũk⃗(g)ͱಉ༷

Wg′(k⃗)n(g)Wk⃗n(g
′) = ωsp(g, g′)Wk⃗n(gg

′) (42)

Λຬͨ͢ɻಛʹ h ∈ Gk⃗ ʹରͯ͠͸ Wk⃗n(h) = Uαn

k⃗
(h) ͱ

ͳΔɻ

2.1.6. ϒϩοϗঢ়ଶ

༗ϕΫτϧݻ ψ̃k⃗ni Λ༻͍ͯੜ੒ԋࢠࢉ

γ̂†
k⃗ni

≡ ˆ̃c†
k⃗
ψ̃k⃗ni =

∑

s

(ˆ̃ck⃗)
†
s(ψ̃k⃗ni)s (43)

Λఆٛ͢ΔͱɺϋϛϧτχΞϯ͸ Ĥ =
∫
BZ

ddk
vBZ

∑
n,i εk⃗n

γ̂†
k⃗ni
γ̂k⃗niͷΑ͏ʹର֯Խ͞ΕΔɻରԠ͢ΔҰిࢠঢ়ଶ |⃗kni⟩ ≡

γ̂†
k⃗ni

|0⟩͸ϒϩοϗঢ়ଶ (Bloch state)ͱݺ͹Εɺͦͷ೾ಈ

ؔ਺͸

|⃗kni⟩ =
∑

R⃗

∑

s

eik⃗·R⃗(ψ̃k⃗ni)s(c
†
R⃗
)s|0⟩ (44)

=
∑

R⃗

∑

s

eik⃗·(R⃗+r⃗s)(ψk⃗ni)s(c
†
R⃗
)s|0⟩ (45)

Ͱ༩͑ΒΕΔɻ͜Ε͸ϋϛϧτχΞϯ Ĥ ͱฒਐରশੑ T̂R⃗

ͷҰిࢠಉݻ࣌༗ঢ়ଶͰ͋ΓɺΤωϧΪʔݻ༗஋ εk⃗n ͱฒ

ਐݻ༗஋ e−ik⃗·R⃗ Λͭ࣋ɻ·ͨɺ(39)ࣜ΍ (41)͔ࣜΒ

ĥ|⃗kni⟩ =
∑

i′

|⃗kni′⟩[Uαn

k⃗
(h)]i′,i (46)

ĝ|⃗kni⟩ =
∑

i′

|g(k⃗)ni′⟩[Wk⃗n(g)]i′,i (47)
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͕ಘΒΕɺϒϩοϗঢ়ଶ {|⃗kni⟩}i͕খ܈ Gk⃗ͷط໿දݱUαn

k⃗

ͷجఈΛͳ͢͜ͱ΍ɺΑΓҰൠͷݩʹ g ∈ G ʹΑͬͯͲͷ
Α͏ʹ೾਺఺ؒΛҠΓมΘΔͷ͔͕Θ͔Δɻ

2.2. ೾਺఺ؒͷؔ܎

͜͜·Ͱ͸جຊతʹ֤೾਺ k⃗Λผݸʹѻ͖ͬͯͨɻ࣍ʹ

ෳ਺ͷ೾਺఺ʹ͓͚Δϒϩοϗঢ়ଶ΍ͦͷදݱͷؒͷؔ܎

ʹ͍ͭͯٞ࿦͠Α͏ɻ

2.2.1. Sk⃗ ͷ֤఺ʹ͓͚Δখ܈ͷදݱ

܈ۭؒ Gͷݩͷ͏ͪɺখ܈ Gk⃗ʹؚ·Ε͍ͯͳ͍ݩΛ k⃗ʹ

Δͱҧ͏೾਺΁ͱҠΔɻͤ͜͞༺࡞ ͷΑ͏ʹ k⃗ʹGͷݩΛ࡞
༻ͤͯ͞ಘΒΕΔ೾਺ͷू߹Λ k⃗ͷ੕ Sk⃗ͱ͍͏ͷͰ͋ͬͨ

ʢ1.2.3અʣɻҎԼͷٞ࿦ͷͨΊʹɺk⃗ℓ ∈ Sk⃗ (ℓ = 1, . . . , |Sk⃗|)
ʹରͯ͠ɺk⃗ℓ = gℓ(k⃗)ͱͳΔ gℓ ∈ GΛબΜͰݻఆ͢Δɻಛ
ʹ k⃗1 = k⃗ɺg1 = eͱ͢Δɻ͜Ε͸ G Λ

G =
∑

ℓ

gℓGk⃗ (48)

ͱࠨ৒༨ྨ෼ղ͢Δ͜ͱͱಉ͡Ͱ͋Δɻ

͍· k⃗ = k⃗1ʹ͓͚Δϒϩοϗঢ়ଶ |⃗kni⟩ (i = 1, . . . , Dαn

k⃗
)

ͱɺͦͷখ܈ Gk⃗ͷط໿දݱUαn

k⃗
͕༩͑ΒΕͨͱ͠Α͏ɻ͢

Δͱ೾਺ k⃗ℓ ∈ Sk⃗ ͷϒϩοϗঢ়ଶ |⃗kℓnj⟩ (j = 1, . . . , Dαn

k⃗
)

܈খ͕ͭ࣋ Gk⃗ℓ
ͷදݱ͸ɺରশੑͷཁ੥ʹΑΓࣗಈతʹ

ܾ·ͬͯ͠·͏ɻ͜ΕΛΈΔͨΊʹɺ·ͣ h ∈ Gk⃗ ͷͱ͖

h′ ≡ gℓhg
−1
ℓ ∈ Gk⃗ℓ

ͱͳΔ͜ͱʹ஫ҙ͠Α͏ɻ͢ͳΘͪ k⃗ͱ

k⃗ℓ ͷখ܈͸ڞ໾ gℓGk⃗g
−1
ℓ = Gk⃗ℓ

ͷؔ܎ʹ͋Δɻ͜Ε͸

h′(k⃗ℓ) = (pgℓphp
−1
gℓ )(pgℓ k⃗) = pgℓphk⃗ = pgℓ k⃗ = k⃗ℓ (49)

͔Β௚ͪʹΘ͔Δɻ࣍ʹࣜ (47)Λٯʹղ͍ͯΈΔͱ

|⃗kℓnj⟩ =
∑

i

ĝℓ |⃗kni⟩[Wk⃗n(g)
†]i,j (50)

ͱͳΓɺ|⃗kℓnj⟩Λ {|⃗kni⟩}iͰදͤΔ͜ͱʹ஫ҙ͢Δɻۭؒ
ࣜ܎ͱͯ͠ͷؔݩͷ܈ h′gℓ = gℓh͸ɺࣹӨදݱͷ৐਺ܥ΋

Δͱྀ͢ߟ 1
ωsp(h′,gℓ)

ĥ′ĝℓ =
1

ωsp(gℓ,h)
ĝℓĥͱͳΔɻ͜ΕΒͷ

ࣜͱ (46)ࣜΛ༻͍Δͱɺ{|⃗kℓnj⟩}j ͸খ܈ Gk⃗ℓ
ͷ

Uαn

k⃗ℓ
(h′) ≡ ωsp(h′,gℓ)

ωsp(gℓ,h)
Wk⃗n(g)U

αn

k⃗
(h)Wk⃗n(g)

†, (51)

h = g−1
ℓ h′gℓ (52)

ͱ͍͏ط໿දݱʹଐ͢Δ͜ͱ͕Θ͔Δ9ɻ

2.2.2. ༠ಋ͞ΕΔۭؒ܈ͷදݱ

લઅͰ͸খ܈ Gk⃗ ͷදݱΛݩʹɺk⃗ ͷ੕ Sk⃗ ʹଐ͢Δ೾

਺఺ͷখ܈ͷදݱΛߏ੒͕ͨ͠ɺ͞ΒʹҰาਐΜͰɺۭؒ

9ಋग़͸࣍ͷ௨Γɻĥ′ |⃗kℓnj⟩ =
∑

i ĥ
′ĝℓ |⃗kni⟩[Wk⃗n(g)

†]i,j =
∑

i
ωsp(h′,gℓ)
ωsp(gℓ,h)

ĝℓĥ|⃗kni⟩[Wk⃗n(g)
†]i,j =

∑
j′ |⃗kℓnj′⟩[U

αn

k⃗ℓ
(h′)]j′,j . Ұ

ൠʹදݱ U ͱ WUW † ͸ಉ஋ͳͷͰɺ(51) ࣜͷ W ͸ॏཁͰͳ͍ɻ

܈ G ͷදݱΛߏ੒͢Δ͜ͱ΋Ͱ͖Δɻ͜ͷΑ͏ʹɺ෦෼
܈ H < G ͷදݱΛߏʹݩ੒͞Εͨ G ͷදݱΛ༠ಋදݱ

(induced representation)ͱ͍͏ɻ͜ͷํ͑ߟ͸ 2.3અͰ࣮

ۭؒͰ΋༻͍ΒΕΔɻ

(48)ࣜͷ৒༨ྨ෼ղʹΑΕ͹ɺGͷͲͷݩ΋ gℓh (h ∈ Gk⃗)

ͷܗʹॻ͘͜ͱ͕Ͱ͖ΔͷͰɺಛʹ ggℓ ∈ G ʹରͯ͠΋
ggℓ = gℓ′hͱͳΔ ℓ′ ͱ h ∈ Gk⃗ ͕ଘ͠ࡏҰҙʹఆ·Δɻݴ

Δͱɺg͑׵͍ ∈ G͕ k⃗ℓΛ k⃗ℓ′ ʹҠ͢ʢͭ·Γ k⃗ℓ′ = g(k⃗ℓ)ʣ

ͳΒ͹ɺg−1
ℓ′ ggℓ ͸ k⃗ͷখ܈ Gk⃗ ʹଐ͢Δɻ͢Δͱલઅͱશ

͘ಉ༷ʹ

ĝ|⃗kℓni⟩ =
∑

i′,ℓ′

|⃗kℓ′ni′⟩[Uαn(g)]ℓ′i′,ℓi, (53)

[Uαn(g)]ℓ′i′,ℓi = δk⃗ℓ′ ,g(k⃗ℓ)
ωsp(g,gℓ)
ωsp(gℓ′ ,h)

× [Wk⃗n(gℓ′)U
αn

k⃗
(h)Wk⃗n(gℓ)

†]i′,i, (54)

h = g−1
ℓ′ ggℓ (55)

Λࣔ͢͜ͱ͕Ͱ͖ΔɻUαn(g)͸ |Sk⃗|×Dαn

k⃗
ͷϢχλݩ࣍

ϦྻߦͰɺ͜Ε͕ Uαn

k⃗
͔Β༠ಋ͞Εͨ G ͷදݱͰ͋Γɺ

{|⃗kℓni⟩}ℓ,i ͕ͦͷදجݱఈͰ͋Δɻಛʹ g = h′ ∈ Gk⃗ℓ
ͷ৔

߹ʹ͸ɺk⃗ℓʹ͍ͭͯͷϒϩοΫ͕ ண͢Δ͜ͱ͕ؼʹࣜ(51)

औΕΔɻͯݟ

2.2.3. ܎ؔ߹ॴతదہ

͜Ε·Ͱ͸ k⃗ ͷ੕ Sk⃗ ʹଐ͢Δ೾਺఺ؒͷؔ܎ʹண໨͠

͍ͯͨɻٯʹɺରশੑͰ݁ͼ͔ͭͳ͍೾਺఺ͷؒʹ͸Կ͕

ΔͩΖ͏͔ɻ͑ݴ

k⃗ Λߴରশ఺ͱ͢Δɻk⃗ ͔Β΄ΜͷΘ͔ͣʹ཭Εͨ఺ k⃗′

Ͱ͸Ұൠʹ͍͔ͭ͘ͷରশੑ͕ഁΕͯରশੑ͕Լ͕Δɻ͢

ͳΘͪখ܈ Gk⃗′ ͸ Gk⃗ ͷ෦෼܈ͱͳΔɻখ܈ Gk⃗ ͷط໿දݱ

Uα
k⃗
͸ɺͦͷ෦෼܈ Gk⃗′ ͷදݱͱͯ͠͸ҰൠʹՄ໿Ͱ͋Γɺ

Gk⃗′ ͷط໿දݱ Uα′

k⃗′ ΁ͱط໿෼ղͰ͖Δɻ͜ͷط໿෼ղʹ

c͸ (28)ࣜΛ༻͍Ε͹Α͍ɻ͜ΕʹΑΓɺk⃗఺Ͱ Dα
k⃗
ॏʹ

ॖୀ͍ͯͨ͠ϒϩοϗঢ়ଶ͕ k⃗′ʹ͓͍ͯͲͷΑ͏ʹ෼྾͢

Δ͔Λௐ΂Δ͜ͱ͕Ͱ͖Δɻ

2.2.4. ೾਺ۭؒͷେҬతߏ଄ʹىҼ͢Δద߹ؔ܎

εΫϦϡʔૢ࡞΍άϥΠυૢ࡞ΛؚΉϊϯγϯϞʔϑΟο

Ϋͳۭؒ܈ʹରͯ͠͸ɺ೾਺ۭؒͷ k⃗ͱ k⃗+ G⃗ΛಉҰ͢ࢹ

ΔͨΊʹੜ͡Δ৚͕݅͋Δ7)ɻ͜Ε͸ྫΛ௨ͯ͠ཧղ͢Δ

ํ͕؆୯ͳͷͰɺҰ൪؆୯ͳྫΛΈͯΈΑ͏ɻ

ྫ ϩου܈ p21 ͸ɺSx : (x, y, z) *→ (x + a
2 ,−y,−z)ͱ

͍͏εΫϦϡʔૢ࡞ʹΑͬͯੜ੒͞ΕΔɻεΫϦϡʔૢ࡞

Λ 2ճ܁Γฦ͢ͱ (x, y, z) *→ (x + a, y, z)ͱͳΔͷͰɺۭ

ͱͯ͠ݩͷ܈ؒ S2
x ͸ฒਐ Ta⃗1 (⃗a1 ≡ (a, 0, 0)) ͱ౳͍͠ɻ

BZ −π
a < kx ≤ π

a ʹ͓͚Δখ܈͸ G = P21 ࣗ਎Ͱ͋Γɺ
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(a)

(b)

ਤ 2 (a) ϩου܈ p21 ͷରশੑΛڧͭ࣋ଋറ໛ܕͷྫɻۙ࠷઀ͷඈͼ
ҠΓੵ෼Λਤͷ͖޲ʹ teiθ ͱͨ͠ɻ(b) ͜ͷڧଋറ໛ܕͷόϯυߏ଄
εkxn = ±2t sin( kxa

2 − θ)ɻkxa = 2θ Ͱ্Լͷόϯυ͕ަ͍ࠩͯ͠Δɻ

Ukx(Sx)2 = −Ukx(Ta⃗1) = −e−ikxa Λຬͨ͢ɻ͕ͨͬͯ͠

͜ͷখ܈ͷ 2ͭͷط໿දݱ͸

Uα
kx
(Sx) = αie−

i
2kxa (56)

Ͱ͋Δʢα = ±1ʣɻ͜͜Ͱࢦ਺ͷݞʹ 1
2 Ε͍ͯΔ͜ͱݱ͕

͕ॏཁͰɺ͜ͷͨΊʹط໿දݱ͸ kx → kx+
2π
a ʹର͢Δप

Λຬ͍ͨͯ͠ͳ͍ɻΉ͠Ζظ kx → kx+
2π
a ʹΑͬͯೋͭͷ

ද͕ݱೖΕସΘΔ [ਤ 2(b)]ɻ͜ͷ͜ͱ͔Βɺදݱ U+
kx
(Sx)

Λͭ࣋ϒϩοϗঢ়ଶͱ U−
kx
(Sz)Λͭ࣋ϒϩοϗঢ়ଶ͸ඞͣ

ϖΞͰݱΕɺͦͷΤωϧΪʔόϯυ͸ −π
a < kx ≤ π

a ͷͲ

͔͜Ͱඞͣަࠩ͠ͳ͚Ε͹͍͚ͳ͍͜ͱ͕Θ͔Δ [ਤ 2(b)]ɻ

ݱ໿දط Uα
k⃗
ͷඇपੑظ͸ (34)ࣜͱ͸ໃ६͠ͳ͍ɻ࣮ࡍ

͜ͷରশੑΛ΋ͭϛχϚϜͳڧଋറ໛ܕ [ਤ 2(a)]Λ͑ߟΔ

ͱɺSx ͷදݱ͸

Ũkx(Sx) =

(
0 −e−ikxa

1 0

)
(57)

ͱͳΔ10͕ɺ͜ͷ Ũkx(Sx)͸ (34)ࣜΛຬ͍ͨͯ͠Δɻ

2.2.5. όϯυઈԑମΛ࣮͢ݱΔϑΟϦϯά

͜͜·Ͱɺ೾਺఺ k⃗ʹ͓͚Δϒϩοϗঢ়ଶ͕ Gk⃗ͷط໿ද

ݱఈͱͳΔ͜ͱ΍ɺBZ಺ͷෳ਺ͷ೾਺఺ʹ͓͚Δදجͷݱ

ͷؒʹ͕ؔ͋܎Δ͜ͱΛΈ͖ͯͨɻ͜ΕΒͷؔ܎ʹΑͬͯɺ

ྫ͑͹ਤ 2(b)ʹࣔͨ͠Α͏ͳόϯυަ͕ࠩݱΕΔɻόϯυ

ઈԑମΛ࣮͢ݱΔͨΊʹ͸ɺΤωϧΪʔ͕௿͍ํ͔Β ν ຊ

ͷόϯυΛ׬શʹ઎༗͠ɺ͔ͭඇ઎༗Ͱ͋Δ ν + 1ຊ໨ͷ

όϯυͱͷؒʹόϯυΪϟοϓ͕։͍͍ͯΔΑ͏ʹ͢Δඞ

ཁ͕͋Δɻ͔ۭؒ͠͠܈ͷରশੑʹΑͬͯอূ͞ΕΔόϯ

υަࠩͷͨΊʹɺόϯυઈԑମΛ࣮ݱͰ͖Δ ν ͷ஋ʹ͸ۭ

܈Δ͜ͱʹͳΔɻ༩͑ΒΕۭ͔͔͕ͨؒݶͷ੍܈ؒ G ʹର
ͯ͠ɺόϯυઈԑମΛ࣮͠ݱಘΔ઎༗όϯυ਺ ν ΛٻΊΔ

໰୊͸จ8ݙ) Ͱௐ΂ΒΕͨɻ݁Ռ͸ؒ࣌൓సରশੑʢ2.4.1

અ࣍10 (64)ࣜͰ Gr⃗ = {e}, uβ(e) = 1, Dβ
r⃗ = 1ɺΛUC

r⃗ = {r⃗, r⃗+ 1
2 a⃗1},

g2 = Sx ͱ͢Δɻ

અʣΛྀ͢ߟΔ͔΍ɺεϐϯيಓ૬࡞ޓ༻ΛऔΓೖΕΔ͔

Ͳ͏͔ʢ1.3.2અʣʹґଘ͢Δɻ

2.3. ݱͷରশੑͷදܕଋറ໛ڧ

2.3.1. site symmetryͱيಓ

ͷγϡϨʔࢠͷిࢠݪͰֶͿΑ͏ʹɺਫૉٛߨͷֶྗࢠྔ

σΟϯΨʔํఔࣜͷղ͸ɺΤωϧΪʔ४ҐΛ۠ผ͢Δओྔ

਺ࢠ nͷଞʹيಓ֯ӡಈྔͷྔࢠ਺ ℓͱ࣓ࢠྔؾ਺ mͰ

ϥϕϧ෇͚͞Εɺℓ = 0, 1, 2, . . .Λيࢠిͭ࣋ಓ͸ͦΕͧΕ

s, p, d, . . ࡍ੒͢ΔߏΛܕଋറ໛ڧʹࡍ͹ΕΔɻ࣮ݺಓͱي.

ʹ΋͜ͷيࢠݪಓͷݴ༿͕͍ݣ༻͍ΒΕΔ͜ͱ͕ଟ͍ɻ͠

͔͜͠ͷϥϕϧ෇͚͸ຊདྷɺٿରশੑΛͭ࣋த৺ྗϙςϯ

γϟϧதͰͦ͜ີݫͳ΋ͷͰ͋ΓɺݻମதͰ͸ۙࣅతʹ͸

ਖ਼ͯ͘͠΋ඞͣ͠΋ਖ਼֬ͱ͸͑ݴͳ͍ɻ࣮ࡍɺྫ͑͹఺܈

OhͷରশੑΛ݁ͭ࣋থ৔ʹΑͬͯ dيಓͷॖୀ͕ղ͚ͯɺ

Ohͷʢઢܕʣط໿දݱͰ͋Δ T2gʢ3ݩ࣍දݱʣ΍ Egʢ2

Δɻ͜ىಓʹ෼྾͢Δͱ͍ͬͨ͜ͱ͕يͭ࣋ʣΛݱදݩ࣍

͜ͷΑ͏ͳޮՌΛܥ౷తʹऔΓೖΕΔͨΊʹɺيࢠݪಓͷ

͜ͱ͸Ұ୴શͯ๨Εɺରশੑ͚ͩʹ͍ͯͮجʮيಓʯΛߏ

੒͢Δ͜ͱʹ͠Α͏ɻ

୯Ґ๔ UC಺ͷҰ఺ r⃗ʹண໨͠Α͏ɻ఺ r⃗Λෆಈ఺ʹ࣋

ͭ G ͷ෦෼܈Λ r⃗ͷখ܈ Gr⃗ ͱ͍͏ͷͰ͋ͬͨʢ1.1.6અʣɻ

Gr⃗͸͋ΒΏΔ݁থ৔ͷޮՌ΋औΓೖΕ্ͨͰ࠷ऴతʹ࢒Δ

఺ r⃗पΓͷີݫͳରশੑΛද͓ͯ͠Γɺsite symmetryͱ

͹ΕΔɻ͕ͨͬͯ͠఺ݺ r⃗ʹఆٛͰ͖Δيಓͷछྨ͸ɺωsp

Λ৐਺ܥͱ͢Δ Gr⃗ ͷط໿දݱ uβ
r⃗ (β = 1, . . . , Nr⃗)ʹΑͬ

ͯ෼ྨ͞ΕΔɻ

͍·খ܈ Gr⃗ ͷط໿දݱ uβ
r⃗ ΛҰͭબͼɺͦͷݩ࣍ΛDβ

r⃗

ͱॻ͘ɻੜ੒ԋࢠࢉ (ĉ0⃗)
†
i (i = 1, . . . , Dβ

r⃗ )͸ɺR⃗ = 0⃗ͷ୯

Ґ๔಺ͷҐஔ r⃗ʹ i൪໨ͷيಓΛࢠిͭ࣋Λ࡞ΔԋࢠࢉͰɺ

ĥ(ĉ0⃗)
†
i ĥ

−1 =
∑

i′

(ĉ0⃗)
†
i′ [u

β
r⃗ (h)]i′,i (58)

Λຬͨ͢ͱ͠Α͏ɻখ܈ Gr⃗͸ۭؒ܈ Gͷ෦෼܈ͳͷͰɺ͜
ͷ Gr⃗ ͷදݱ uβ

r⃗ ͔Β G ͷද͕ݱ༠ಋ͞ΕɺͦΕ͕ 2.1.3અ

Ͱ༻͍ͨڧଋറ໛ܕͷରশੑͷදݱͱͳΔɻ

2.3.2. ܗͷ۩ମݱͷରশੑͷදܕଋറ໛ڧ

఺ r⃗ʹ G ͷݩΛ࡞༻͍ͤͯ͘͞ͱɺG ෆมͳ֨ࢠ Λr⃗ ͕

Ͱ͖ΔͷͰ͋ͬͨʢ1.1.6અʣɻରশੑ G Λڧͭ࣋ଋറ໛ܕ
Λߏ੒͢ΔͨΊʹ͸ɺΛr⃗ ͷ֤఺ʹ఺ r⃗ͷ΋ͷͱʮ౳Ձʯͳ

੒͢ߏʹಓ͕ఆٛ͞Ε͍ͯΔඞཁ͕͋Δɻ͜ΕΛ۩ମతي

ΔͨΊʹɺΛr⃗ ͷ఺ͷ͏ͪ୯Ґ๔ UCʹଐ͍ͯ͠Δ΋ͷ ΛUC
r⃗

Λ·ͣ͑ߟΔɻr⃗ℓ ∈ ΛUC
r⃗ (ℓ = 1, . . . , |ΛUC

r⃗ |)ͷ֤఺ʹର͠
ͯɺr⃗ℓ = gℓ(r⃗)ͱͳΔ gℓ ∈ G ΛબΜͰݻఆ͢Δɻ͜ΕʹΑ
Γ G ͸

G =
∑

R⃗,ℓ

TR⃗gℓGr⃗ (59)

《講義ノート》 物性研究・電子版 Vol. 8, No. 1, 081202（2020年2月号）



ͱࠨ৒༨ྨ෼ղ͞ΕΔɻ͜ΕΛ༻͍ͯҐஔ R⃗+ r⃗ℓʹ i൪໨

ͷيಓΛ࡞Δੜ੒ԋࢠࢉ (ĉR⃗)
†
ℓi Λɺ

(ĉR⃗)
†
ℓi ≡ T̂R⃗ĝℓ(ĉ0⃗)

†
i ĝ

−1
ℓ T̂−1

R⃗
(60)

ʹΑͬͯఆΊΔ͜ͱʹ͢Δɻ͜ΕͰجఈ͕ߏ੒Ͱ͖ͨͷͰɺ

͸ޙ g ∈ G ͷ࡞༻ʹΑͬͯ͜ΕΒ͕͍ޓʹͲͷΑ͏ʹҠΓ
มΘΔ͔Λௐ΂Ε͹Α͍ɻ͍· gʹΑͬͯ R⃗+ r⃗ℓ͕

⃗̃R+ r⃗ℓ̃
ʹҠΔͱ͢Δɻ͢Δͱ 2.2.2અͱಉ༷ͷखॱͰ

ĝ(c†
R⃗
)ℓiĝ

−1 =
∑

i′

(c†⃗̃R
)ℓ̃i′

ωsp(g,gℓ)
ωsp(gℓ̃,h)

[uβ
r⃗ (h)]i′,i, (61)

h = g−1
ℓ̃

T−1
⃗̃R

gTR⃗gℓ (62)

Λࣔ͢͜ͱ͕Ͱ͖Δɻ͜ΕΛϑʔϦΤมͯ͠׵গ͠ॻ͖׵

͑Δͱ9)

ĝ(c̃†
k⃗
)ℓiĝ

−1 =
∑

ℓ′i′

(c̃†
k⃗
)ℓ′i′ [Ũ

(r⃗,β)

k⃗
(g)]ℓ′i′,ℓi, (63)

[Ũ (r⃗,β)

k⃗
(g)]ℓ′i′,ℓi = δ′r⃗ℓ′ ,g(r⃗ℓ)e

−ig(k⃗)·(g(r⃗ℓ)−r⃗ℓ′ )

× ωsp(g,gℓ)
ωsp(gℓ′ ,h)

[uβ
r⃗ (h)]i′,i, (64)

h = g−1
ℓ′ Tr⃗ℓ′−g(r⃗ℓ)ggℓ (65)

ΛಘΔɻͨͩ͠ (64)ࣜʹ͓͍ͯɺδ′x⃗,y⃗ ͸ɺฒਐϕΫτϧ෼

ͷҧ͍Λআ͍ͯ x⃗ = y⃗ͷͱ͖ 1ͰɺͦΕҎ֎ͷͱ͖ 0Ͱ͋

Δͱఆ͍ٛͯ͠Δɻ(r⃗,β)͸ط໿දݱ uβ
r⃗ ͔Β༠ಋ͞Εͨ΋

ͷͰ͋Δ͜ͱΛ໌ࣔ͢ΔͨΊʹఴ͑ͨɻ͜ͷ Ũ (r⃗,β)

k⃗
(g) ͕

2.1અͷ Ũk⃗(g)Ͱ͋Γɺ(33)ࣜ΍ (34)ࣜΛຬ͍ͨͯ͠Δ͜

ͱ͕֬ೝͰ͖Δɻيಓͷϥϕϧ sʹ͸ ℓ = 1, . . . , |ΛUC
r⃗ |ͱ

i = 1, . . . , Dβ
r⃗ ͷϖΞ͕ରԠ͓ͯ͠Γɺ߹ܭͷόϯυ਺͸

Norb = Dβ
r⃗ |ΛUC

r⃗ |ͱͳΔɻ(64)ࣜ͸ɺ୯Ґ๔ UC಺ͷ఺ r⃗ʹ

ݱ໿දط uβ
r⃗ ʹଐ͢ΔيಓΛ͓͍ͨ৔߹ͷڧଋറ໛ܕͷද

଄ͷτϙϩߏΛ༩͑ΔॏཁͳެࣜͰ͋Γɺ3અͰόϯυݱ

δʔΛ୳Δ׆ʹࡍ༂͢Δɻ

͜͜·Ͱ͸୯Ґ๔ UC಺ͷҰ఺ʹط໿දي͏ैʹݱಓΛ

ఆٛͨ͠৔߹Λͨ͑ߟɻΑΓҰൠͷڧଋറ໛ܕͰ͸ɺಉ͡

Ґஔʹෳ਺ͷط໿දݱΛஔ͘͜ͱ΋Ͱ͖Δ͠ɺΛr⃗ʹଐ͞ͳ

͍ผͷҐஔ r⃗′ʹαΠτΛ௥Ճͯ͠΋Α͍ɻͦͷ৔߹ɺڧଋ

റ໛ܕͷදݱ͸௚࿨⊕r⃗,βmr⃗,βŨ
(r⃗,β)

k⃗
(g) (mr⃗,β = 0, 1, 2, . . .)

Ͱ༩͑ΒΕΔɻ

2.3.3. ϑʔϦΤม׵ͷೋͭ໨ͷྲّྀͰͷදࣜ

2.1.2અͰઆ໌ͨ͠ϑʔϦΤม׵ͷೋͭ໨ͷྲّྀͰ͸ɺ͜

Ε·Ͱͷ Ũk⃗(g)΍ ψ̃k⃗niΛUk⃗(g) = Vg(k⃗)Ũk⃗(g)V
†
k⃗
΍ ψk⃗ni =

Vk⃗ψ̃k⃗niͷΑ͏ʹม͢ߋΕ͹Α͍͜ͱ͕෼͔Δɻ͢Δͱ (64)

ࣜ͸

[U (r⃗,β)

k⃗
(g)]ℓ′i′,ℓi = δ′r⃗ℓ′ ,g(r⃗ℓ)e

−i(pg k⃗)·⃗tg ωsp(g,gℓ)
ωsp(gℓ′ ,h)

[uβ
r⃗ (h)]i′,i

(66)

ͷΑ͏ʹม͞ߋΕɺt⃗g = 0⃗Λຬͨ͢ݩʹରͯ͠͸ U (r⃗,β)

k⃗
(g)

͸ k⃗ʹґଘ͠ͳ͍ͱ͍͏ॏཁͳੑ࣭͕ಋ͔ΕΔɻฒਐରশੑ

΍ϊϯγϯϞʔϑΟοΫͳม׵͸ t⃗g ̸= 0⃗ͳͷͰɺU (r⃗,β)

k⃗
(g)

͸ k⃗ʹґଘ͢Δɻ

ҰํͰɺ(39)ࣜͷ Uαn

k⃗
(g)΍ (41)ࣜͷWk⃗n(g)͸ಛʹม

௨Ͱ͋Δɻͭڞʹͷఆٛ׵Λड͚ͣɺೋͭͷϑʔϦΤมߋ

·Γϒϩοϗঢ়ଶ͕طͭ࣋໿දݱʹ͸ɺϑʔϦΤม׵ͷఆ

ٛʹґଘ͢Δᐆດ͞͸ଘ͠ࡏͳ͍ɻ

2.4. ܈ۭؒؾ൓సͱ࣓ؒ࣌

ͭʹ൓సରশੑؒ࣌ɺ͜͜·Ͱ৮Εͯ͜ͳ͔ͬͨʹޙ࠷

͍ͯ·ͱΊΑ͏ɻ

2.4.1. ൓సؒ࣌

T Λؒ࣌൓సૢ࡞ͱ͢Δɻ͜ Ε΋ྔֶྗࢠͷٛߨͰश͏Α

͏ʹɺT̂ ͸൓ϢχλϦԋࢠࢉͰ͋Γ T̂ (c1|ψ1⟩ + c2|ψ2⟩) =
c∗1T̂ |ψ1⟩ + c∗2T̂ |ψ2⟩ Λຬͨ͢ɻ·ͨ |ψ1⟩ ͱ |ψ2⟩ ͷ಺ੵΛ
g(|ψ1⟩, |ψ2⟩) ≡ ⟨ψ1|ψ2⟩ ͱॻ͘ͱ͖ɺg(T̂ |ψ1⟩, T̂ |ψ2⟩) =

g(|ψ1⟩, |ψ2⟩)∗ͱͳΔɻؒ࣌൓సԋࢠࢉͷࣗ৐͸ిࢠ਺ N̂el ≡∑
R⃗ ĉ†

R⃗
ĉR⃗ ʹґଘͯ͠

T̂ 2 = (−1)N̂el (67)

ͱͳΔͨΊɺϋϛϧτχΞϯ͕ؒ࣌൓సରশੑΛͭ࣋ͳΒ

͹ح਺ిࢠঢ়ଶʹରͯ͠͸ΫϥϚʔεॖୀ͕͜ىΔ11ɻ·

ɺͭ·Γ׵ͱՄ࡞ͷૢ܈͸ۭؒࢠࢉ൓సԋؒ࣌ͨ

T̂ ĝ = ĝT̂ (68)

Λཁ͢ٻΔɻ͢Δͱ (8)ࣜͱಉ༷ʹͯ͠ T (k⃗) = −k͕⃗ै͏ɻ

Ұిࢠঢ়ଶʹର͢ΔදݱͷϢχλϦྻߦͷ෦෼Λ U(T )

ͱॻ͘ͱɺ(67)ࣜɺ(68)ࣜ͸ U(T )U(T )∗ = − ʢͭ·Γ

ωsp(T , T ) = −1ʣɺU(T )Uk⃗(g)
∗ = U−k⃗(g)U(T )ͱද͞ݱ

ΕΔɻ͏·͘جఈΛબͿͱ U(T )͸−iσy ⊗ ͱॻ͘͜ͱ͕

Ͱ͖Δɻ

2.4.2. ͷλΠϓ܈ۭؒؾ࣓

ͱ͸ɺ͜܈ۭؒؾ࣓ Ε·Ͱٞ࿦͖ͯͨ͠ϢχλϦͳۭؒ܈

GʹՃ͑ͯɺ൓ϢχλϦͳ͔ݩΒͳΔू߹AΛ܈ۭؒͭ࣋
Ͱ͋Δɻg, g′ ∈ G ͱ a, a′ ∈ Aʹରͯ͠ɺgg′ ∈ G, ga ∈ A,

ag ∈ A, aa′ ∈ G Ͱ͋ΔͨΊɺAͷݩͷ਺͸ G ͷݩͷ਺ͱ
౳͍͔͠ɺ͋Δ͍͸ 0Ͱͳͯ͘͸ͳΒͳ͍ɻจ2ݙ) ʹशͬ

ΛM܈ۭؒؾ࣓ͯ = G +Aͱॻ͘͜ͱʹ͢Δɻ
͸܈ۭؒؾɺ࣓͍͓ͯʹۭؒݩ࣍3 ΘΕݴΔͱ͋ݸ1,651

Δɻ͜Ε͸େ͖͘ 4ͭͷλΠϓʹ෼͚Δ͜ͱ͕Ͱ͖Δ2)ɻλ

Πϓ Iͷ࣓܈ۭؒؾ͸ɺ൓ϢχλϦ෦෼AΛҰ੾ͨ࣋ͳ͍
܈ۭؒ G ࣗ਎Ͱ͋Γɺ230छྨ͋ΔɻλΠϓ IIͷ࣓ۭؒؾ

܈͸ɺۭؒ܈ Gͱؒ࣌൓సͷ܈ZT
2 = {e, T }ͷ௚ੵ G×ZT

2

ͰɺA = GT = {gT |g ∈ G}ͷ৔߹ʹରԠ͢Δɻ͜Ε΋ 230

छྨଘ͢ࡏΔɻ

ͳ͍৔߹͸ྀ͠ߟεϐϯΛࢠ11ి T̂ 2 = 1 ͱ͢Δɻ
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ΓͷλΠϓ࢒ III, IV ͷ࣓܈ۭؒؾ͸ɺA = Gg0T =

{gg0T |g ∈ G}ͷΑ͏ʹɺG ʹؚ·Εͳ͍ g0 ͱ͍͏ۭؒૢ

ඞཁʹͳΔ΋ͷͰ͋ΔɻλΠϓ͕࡞ IVʢ517छྨʣͰ͸ g0

͸ฒਐ g0 : x⃗ *→ x⃗ + t⃗g ʹબͿ͜ͱ͕Ͱ͖Δ͕ɺ͜ͷ t⃗g ͸

Λ͍ͯ͠ΔɻλΠϓܗຊฒਐϕΫτϧͷ൒෼ͷج IIIʢ674

छྨʣͰ͸ɺg0 ͸ฒਐҎ֎ͷૢ࡞Ͱ g20 ∈ G Λຬͨ͢΋ͷ
Ͱ͋Δɻ

2.4.3. ΁ͷ֦ு܈ۭؒؾ࣓

͜Ε·Ͱ੔ཧ͖ۭͯͨؒ͠܈ʢλΠϓ Iͷ࣓܈ۭؒؾʣͷ

৔߹ʹ͍ͭͯͷ߲ࣄૅجΛɺλΠϓ II-IVͷ࣓܈ۭؒؾ΁

ͱ֦ு͠Α͏ɻ͍· Aͷݩ a͕ۭؒͷ఺ x⃗ ∈ R3 Λ

a(x⃗) = pax⃗+ t⃗a ∈ R3 (69)

΁ࣸ͢ͱ͢Δͱɺ೾਺ k⃗ ∈ BZ͸

a(k⃗) = −pak⃗ ∈ BZ (70)

ͱม͞׵ΕΔɻෛ߸͸ a͕ؒ࣌൓సΛؚΈ൓ϢχλϦͰ͋

Δ͜ͱʹىҼ͍ͯ͠Δɻ͜Ε·Ͱͷٞ࿦͸શͯɺ͜ͷAͷ
x⃗΍ k⃗΁ͷ࡞༻Λ༻͍ͯɺ͜Ε·Ͱͷ GΛ୯ʹM = G+A
΁ͱࣜܗతʹஔ͖͑׵Ε͹Α͍ɻྫ͑͹ k⃗ͷখ܈͸Mk⃗ =

{h ∈ M|h(k⃗) = k⃗}ͱఆٛ͞ΕΔɻԾʹM͕λΠϓ IIͷ

Ͱ͋ͬͨͱͯ͠΋ɺMk⃗܈ۭؒؾ࣓ ͸λΠϓ I, II ͷΈͳ

ΒͣλΠϓ IIIͷ࣓܈ۭؒؾʹͳΔ৔߹΋͋Δ͜ͱʹ஫ҙ

͢Δɻ

(33)ࣜ΍ (36)ࣜ͸ɺaͷ൓ϢχλϦੑͷͨΊʹ

Uk⃗(a)H
∗
k⃗
= Ha(k⃗)Uk⃗(a), (71)

Ua(k⃗)(g)Uk⃗(a) = ωsp(g, a)Uk⃗(ga), (72)

Ug(k⃗)(a)Uk⃗(g)
∗ = ωsp(a, g)Uk⃗(ag), (73)

Ua′(k⃗)(a)Uk⃗(a
′)∗ = ωsp(a, a′)Uk⃗(aa

′) (74)

ͷΑ͏ʹม͞ߋΕΔɻ

,ωsp(aܥҼ͢Δ৐਺ىʹεϐϯࢠి a′)͸ɺ1.3.2અͱಉ༷

ʹɺpa = ±e−iθan⃗a·L⃗ ͷͱ͖ pspa ≡ e−iθan⃗a·S⃗(−iσy)ͱͯ͠

pspa (pspa′ )∗ = ωsp(a, a′)pspaa′ʹΑͬͯఆΊΔɻ·ͨMk⃗/Tͷද

͸ʹࡍΔ͑ߟΛݱ ωsp(a, a′)ͱ ωns(a, a′) ≡ e−ik⃗·(pa t⃗a′+t⃗a′ )

ͷੵΛ༻͍Δʢ1.3.3અ12ʣɻω(a, g)΍ ω(g, a)΋ಉ༷ʹఆ

ٛͰ͖Δɻ

2.4.4. ݱͷද܈఺ؾ࣓

͜͜Ͱ͸఺܈P ʹ൓ϢχλϦ෦෼A͕ՃΘͬͨ܈ɺͭ ·Γ

M܈఺ؾ࣓ = P+AͷදݱΛ͑ߟΑ͏ɻM = P+Aͷ࣍ͷ

12൓ϢχλϦૢ࡞ͷͨΊʹ t⃗a′ ͷલͷූ߸͕ 1.3.3અͱ͸ٯʹͳ͍ͬͯ
Δ͜ͱʹ஫ҙɻ

Α͏ͳࣹӨදڵʹݱຯ͕͋Δͱ͢Δʢp, p′ ∈ P , a, a′ ∈ Aʣɻ

u(p)u(p′) = ω(p, p′)u(pp′), (75)

u(p)u(a) = ω(p, a)u(pa), (76)

u(a)u(p)∗ = ω(a, p)u(ap), (77)

u(a)u(a′)∗ = ω(a, a′)u(aa′). (78)

A͕ՃΘͬͨ͜ͱͰɺP ͷط໿දݱ uα ͕ͲͷΑ͏ʹมߋ

Λड͚Δ͔Λௐ΂Δʹ͸ɺ࣍ͷྔΛ͢ࢉܭΕ͹Α͍ɻ

ξα ≡ 1

|P |
∑

a∈P

ω(a, a)χα(a2). (79)

͜͜Ͱ χα(p) = tr[uα(p)]͸ط໿දݱ uαͷࢦඪͰ͋Δɻξα

͸ඞͣ 0ɺ+1ɺ·ͨ͸ −1ͷ͍ͣΕ͔ʹͳΔɻͦͷҙຯ͢

Δͱ͜Ζ͸ɺͦΕͧΕҎԼͷ௨ΓͰ͋Δɻ

• ξα = 0: uα ͱผͷදݱ uᾱ ͕ϖΞΛ૊Ή13ɻ

• ξα = −1: 2ͭͷ uα ͕ϖΞΛ૊Ήɻ

• ξα = +1: uα ͷ··มԽ͠ͳ͍ɻ

͜ͷ൑ఆ৚݅Λ༻͍ΔͱɺAͷଘࡏԼͰɺόϯυߏ଄ͷ֤ k⃗

ʹ͓͚Δ Gk⃗ͷط໿ද͕ݱͲͷΑ͏ʹϖΞΛ૊Ή͔΍ɺڧଋ

റ໛ܕΛߏ੒͢ΔࡍʹҐஔ r⃗ʹఆٛͰ͖ΔيಓʢGr⃗ ͷط໿

දݱʣ͕Ͳ͏ϖΞΛ૊Ή͔Λ؆୯ʹ൑ఆ͢Δ͜ͱ͕Ͱ͖Δɻ

ξα = 0ͷྫ ఺2܈͸2ճճసC2z͔ΒͳΓɺP = {e, C2z}
Ͱ͋Δɻuα(C2z) = αi (α = ±)ͷ 2ͭͷ ͕͋ݱදݩ࣍1

Δɻ͜͜ʹؒ࣌൓సରশੑ T ΛՃ͑ΔͱɺA͸A = PT =

{T , C2zT }ͱͳΔɻωsp(T , T ) = −1, ωsp(C2zT , C2zT ) =

+1, T 2 = (C2zT )2 = eͳͷͰɺξα = 1
2 [−χ

α(e)+χα(e)] =

0. ͕ͨͬͯ͠ u+ ͱ u− ͸ؒ࣌൓సରশੑͷ΋ͱͰϖΞͱ

ͳΓରͰݱΕΔɻ

ξα = −1ͷྫ ఺܈ 1̄͸ۭؒ൓స I ͔ΒͳΓɺP = {e, I}
Ͱ͋Δɻuα(I) = α (α = ±)ͷ 2ͭͷ Δɻ͕͋ݱදݩ࣍1

൓సରশੑؒ࣌ʹ͜͜ T ΛՃ͑ΔͱɺA = PT = {T , IT }
ͱͳΔɻωsp(T , T ) = ωsp(IT , IT ) = −1, T 2 = (IT )2 = e

ͳͷͰɺξα = 1
2 [−χ

α(e)−χα(e)] = −1. ൓͕ؒ࣌ͯͬͨ͠

సରশੑͷ΋ͱͰɺu+͸ u+ͱɺu−͸ u−ͱϖΞΛ૊Ήɻ

ͦͷͨΊɺ൓సରশੑͷ 2ͭͷݻ༗஋͸ͦΕͧΕඞͣۮ਺

ΕΔɻݱݸ

ξα = +1 ͷྫ ఺܈ 222 ͷҐ਺͸ 4 Ͱɺ୯Ґݩ e ͷଞʹ

x, y, z ͦΕͧΕͷ࣠पΓͷ π ճసૢ࡞ C2i (i = x, y, z)

Λݩͱͯͭ࣋͠ʢ1.3.2 અʣɻ͜͜ʹؒ࣌൓సରশੑ T Λ
Ճ͑ΔͱɺA = PT = {T , C2xT , C2yT , C2zT } ͱͳΔɻ
ωsp(T , T ) = −1, ωsp(C2iT , C2iT ) = +1, T 2 = (C2iT )2 =

e ͳͷͰɺ2 ݱදݩ࣍ uα(C2i) = −iσi ʹରͯ͠͸ ξα =

13A = Pa ͱॻ͘ͱ͖ɺuᾱ(p) = ω(p,a)
ω(a,a−1pa)

[uα(a−1pa)]∗ ͱͳΔɻ
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1
4 [−χ

α(e) + 3χα(e)] = +1ͱͳΓɺؒ࣌൓సରশੑΛؚΊ

ͯ΋ಛʹ͞ΒͳΔϖΞ͸ੜ͡ͳ͍͜ͱ͕෼͔Δɻ

Ҏ্ɺλΠϓ IIͷ࣓ؾ఺܈ͷྫΛ 3ͭ঺հ͕ͨ͠ɺ͜ͷ

൑ఆ৚݅͸ΑΓҰൠͷ࣓ؾ఺܈ʹରͯ͠΋੒ཱ͢Δɻిࢠ

εϐϯΛྀ͢ߟΔ͔൱͔ͷ৘ใ΋͢΂ͯ ωʹؚ·Ε͍ͯΔɻ

3. τϙϩδʔͷରশੑࢦඪ

ຊઅͰ͸͜Ε·Ͱͷ४උΛ΋ͱʹɺόϯυߏ଄ͷۭͭ࣋

ඪͷࢦτϙϩδʔΛௐ΂Δʮରশੑ͍ͯͮجʹݱͷද܈ؒ

ํ๏ʯʹ͍ͭͯղઆ͢Δɻୈ 3.1અͰࣜܗతͳఆٛΛߦͳͬ

ɺୈޙͨ 3.2અҎ߱Ͱɺిؾ෼ۃ΍νϟʔϯ਺͕ରশੑͷ

දݱͱͲͷΑ͏ʹ݁ͼ͔ͭ͘ʹ͍ͭͯྫΛަ͑ͳ͕Βৄ͠

ٞ͘࿦͢ΔɻಛʹτϙϩδΧϧઈԑମͷதͰ΋Α͘஌ΒΕ

͍ͯΔ ݩ࣍2 Z2 τϙϩδΧϧઈԑମͳͲͷجຊతͳ΋ͷ

ʹয఺ΛߜΓɺ࣍ߴτϙϩδΧϧઈԑମͳͲΑΓۙ࠷ͷ࿩

୊͸࣍અͰٞ࿦͢Δ͜ͱʹ͢Δɻ

3.1. όϯυઈԑମͷط໿දݱʹΑΔಛ௃෇͚

3.1.1. લઅͷ෮श

·ͣୈ 2અͷ಺༰Λ؆୯ʹ෮श͠Α͏ɻରশੑ G Λͭ࣋
ఆ͢Δͱɺ(33)ࣜ΍ࢦΛҰͭܕଋറ໛ڧ (36)ࣜΛຬͨ͠ɺ

k⃗ ͷؔ਺ͱͯ͠׈Β͔ͳ Norb ྻߦΤϧϛʔτݩ࣍ H̃k⃗ ͱ

Norb ྻߦϢχλϦݩ࣍ Ũk⃗(g) ͕ g ∈ G ʹରͯ͠ఆ·Δɻ
ωsp(g, g′) = ±1͸ిࢠεϐϯʹىҼ͢ΔࣹӨදݱͷ৐਺ܥ

Ͱ͋Γɺεϐϯيಓ૬࡞ޓ༻ͳͲిࢠεϐϯͷޮՌͷ༗ແ

Λ۠ผ͢ΔɻϑʔϦΤม׵͸ɺH̃k⃗΍ Ũk⃗(g)͸ k⃗Λࢠ֨ٯϕ

Ϋτϧ G͚⃗ͩͣΒͯ͠΋ෆมͰ͋ΔΑ͏ʹఆ͍ٛͯ͠Δɻ

H̃k⃗ ͷݻ༗ঢ়ଶΛɺΤωϧΪʔݻ༗஋ εk⃗n Λ۠ผ͢Δϥϕ

ϧΛ nɺॖୀΛ۠ผ͢ΔϥϕϧΛ iͱͯ͠ ψ̃k⃗niͱॻ͘ɻ͜

Εʹখ܈ Gk⃗ͷݩ hΛ࡞༻ͤ͞Δͱɺ(41)ࣜͷΑ͏ʹ Gk⃗ͷ

Dαn

k⃗
ݱ໿දطݩ࣍ Uαn

k⃗
ʹ͕ͨͬͯ͠ม͢׵ΔͷͰ͋ͬͨɻ

3.1.2. {BS}G≥0 ͷఆٛ

όϯυઈԑମΛ͑ߟΔͨΊʹɺ֤೾਺఺ͰΤωϧΪʔ͕

௿͍ํ͔Β ν ຊ໨ͷόϯυͱ ν + 1ຊ໨ͷόϯυͱͷؒʹ

όϯυΪϟοϓ͕։͍͍ͯΔͱԾఆ͢Δɻܭ νຊͷ઎༗όϯ

υͷݻ༗ϕΫτϧ ψ̃k⃗niΛฒ΂ͨNorb × νྻߦΛ Φ̃k⃗ɺ࢒Γ

ͷඇ઎༗όϯυͷݻ༗ϕΫτϧΛฒ΂ͨNorb × (Norb − ν)

Λྻߦ Φ̃c
k⃗
ͱॻ͘͜ͱʹ͢ΔɻΦ̃k⃗΋ Φ̃k⃗ = Φ̃k⃗+G⃗Λຬͨ͢ɻ

খ܈ Gk͕⃗ฒਐ܈ T Ҏ֎ͷݩΛؚΉͱ͖ɺ⃗kΛߴରশ೾਺

ͱݺͿ͜ͱʹ͢ΔɻΦ̃k⃗ ͱ Φ̃c
k⃗
ͷؒʹόϯυΪϟοϓΛԾఆ

͍ͯ͠Δ͜ͱ͔ΒɺΦ̃k⃗ͷதʹؚ·ΕΔط໿දݱ Uα
k⃗
ͷݸ਺

nα
k⃗
ʢα͸ط໿දݱΛ۠ผ͢Δϥϕϧʣ͕ྑ͘ఆٛ͞Ε͍ͯ

Δɻnα
k⃗
ΛมԽͤ͞Δʹ͸όϯυΪϟοϓΛด͡Δ͔·ͨ͸

ରশੑΛഁΔඞཁ͕͋ΔͨΊɺnα
k⃗
͸அ೤มܗͰ͸มΘΒͳ

͍ʮτϙϩδΧϧෆมྔʯͰ͋Δɻ͜ͷ੔਺ͷ૊ {nα
k⃗
}k⃗,α

ʹΑͬͯόϯυઈԑମΛಛ௃෇͚ɺͦͷτϙϩδʔͷ৘ใ

ΛҾ͖ग़͢ͷ͕ରশੑࢦඪͷํ๏9) Ͱ͋Δɻ

΂͖೾਺఺ͱͯ͠͸ɺΓ఺ͳͲͷʮ఺ʯͷଞʹɺྀͦ͢ߟ

ΕΒΛ݁Ϳʮઢʯ΍ʮ໘ʯ΋ߴରশ೾਺Ͱ͋Ε͹औΓೖΕ

Δඞཁ͕͋Δɻઢ΍໘ʹ͸ແݶʹଟ͘ͷ೾਺఺ؚ͕·ΕΔ

͕ɺk⃗ͱ k⃗′͕Ұͭͷઢ·ͨ͸໘্ͷ 2఺Ͱಉ͡খ܈Λͭ࣋

ͱ͖ɺόϯυΪϟοϓͷԾఆ͔Βৗʹ nα
k⃗
= nα

k⃗′ ͱͳΔɻͦ

ͷͨΊɺ࣮ࡍʹ͸֤ઢ΍໘಺ͷ೚ҙͷҰ఺ʹண໨͢Ε͹े

෼Ͱ͋ΔɻҎԼͰ͸͜ͷΑ͏ʹબΜͩ༗ݸݶͷߴରশ೾਺

ͷू߹ΛK ͱॻ͘͜ͱʹ͢Δɻ

ͷ੔਺ͷ૊ݸDܭ߹ {nα
k⃗
}α,⃗k∈K͕ಘΒΕͨͱԾఆ͠ɺ͜

ΕΒΛ 1ྻʹฒ΂ͨϕΫτϧ

b⃗ = (n1
k⃗1
, n2

k⃗1
, · · · , n1

k⃗2
, n2

k⃗2
, · · · ) (80)

Λ͑ߟΑ͏ɻb⃗͸ ZD ͷ೚ҙͷ఺ΛͱΔ͜ͱ͸Ͱ͖ͣɺྫ

͑͹

nα
k⃗
≥ 0 (81)

΍ɺόϯυͷຊ਺ʹؔ͢Δؔࣜ܎

∑

α

nα
k⃗
Dα

k⃗
= ν (82)

Λຬͨ͢ɻ͜ͷଞʹ΋ 2.2અͰٞ࿦ͨ͠ہॴత͋Δ͍͸େ

൓సରশੑͳͲؒ࣌ʹΕΔɻ͞Β͞ٻཁ͕܎ؔ߹తͳదہ

ͷ൓ϢχλϦରশੑ͕ଘ͢ࡏΔ৔߹ʹ͸ɺnα
k⃗
਺ʹͳΔۮ͕

͜ͱ͕ཁ͞ٻΕͨΓɺnα
k⃗
= nα′

−k⃗
ͷΑ͏ͳ੍͕ͭ͘͜ݶͱ

͕͋Δʢ2.4.4અʣɻҎԼͰ͸ɺ{nα
k⃗
}k⃗,α ʹ՝͞ΕΔ͜ΕΒ

ͷ৚݅Λ͢΂ͯͻͬ͘ΔΊͯʮద߹ؔ܎ʯͱݺͿ͜ͱʹ͢

Δɻ༩͑ΒΕۭͨؒ܈ G ͷ΋ͱͰՄೳͳɺద߹ؔ܎Λຬͨ
͋͢ΒΏΔ b⃗ͷू߹Λ {BS}G≥0 ͱॻ͘͜ͱʹ͢Δɻఆٛʹ

ΑΓ b⃗1, b⃗2 ∈ {BS}G≥0 ͷͱ͖ b⃗1 + b⃗2 ∈ {BS}G≥0 Ͱ͋Δɻ͜

ͷ࿨ b⃗1 + b⃗2͸ɺʮઈԑମ 1ͷ ν1ຊͷ઎༗όϯυʯͱʮઈԑ

ମ 2ͷ ν2 ຊͷ઎༗όϯυʯΛ߹ΘͤͯͰ͖Δʮν1 + ν2 ຊ

ͷ઎༗όϯυΛͭ࣋ઈԑମʯͷطͭ࣋໿දݱͷݸ਺Λද͢ɻ

3.1.3. {AI}G≥0 ͷఆٛ

Ծఆ͞ΕͨશͯͷରশੑΛอͭΑ͏ʹۭ͕ؒࢠݪʹฒΜ

Ͱ͍Δঢ়گΛ૝૾ͯ͠ΈΔɻͦΕͧΕͷࢠݪʹଐ͢Δిࢠ

͸ଞͷࢠݪ΁ͱඈͼҠΒͣɺ͍ͯ͠ࡏہΔ΋ͷͱ͢ΔɻҎ

ԼͰ͸͜ΕΛݶۃࢠݪͷઈԑମ (atomic insulator)ͱݺͿ

͜ͱʹ͢Δɻݶۃࢠݪͷઈԑମ͸࣮ۭؒʹ͓͚Δ௚ੵঢ়ଶ

Ͱ͋Δ͔Βඇࣗ໌ͳτϙϩδʔΛͪ࣋ಘͳ͍ɻ͜ͷ͜ͱΛ

ʹͷઈԑମݶۃࢠݪͰ͸ʮ͋Δઈԑମ͕ߘखʹͱͬͯɺຊٯ

அ೤઀ଓͰ͖Δ͜ͱʯΛʮͦͷઈԑମͷτϙϩδʔ͕ࣗ໌

Ͱ͋Δ͜ͱʯͷఆٛͱ͢Δɻ͜͜Ͱ͍͏அ೤઀ଓͱ͸ɺԾ

ఆ͞ΕͨରশੑΛഁΒͣɺ͔ͭྭىΪϟοϓΛดͣ͡ʹ׈

Β͔ʹڧଋറ໛ܕΛม͢ܗΔ͜ͱΛ͢ࢦɻ

ͷઈԑମ΋ઈԑମͰ͋Δ͜ͱʹ͸୅ΘΓͳݶۃࢠݪͯ͞

͍ͷͰɺόϯυߏ଄ͱͦΕ͕֤೾਺఺Ͱͭ࣋ Gk⃗ͷط໿දݱ

Λٞ࿦͢Δ͜ͱ͕Ͱ͖ΔɻඈͼҠΓੵ෼͕ͳ͍͜ͱ͔ΒΤ

ωϧΪʔόϯυ͸׬શʹϑϥοτͰ͋Δ͕ɺόϯυߏ଄ʹ
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͸೾਺ݱ໿දطΕΔݱ k⃗ʹґଘ͢Δʢ3.2.3અͰ؆୯ͳྫΛ

ѻ͏ʣɻ୯Ґ๔಺ʹ͓͚ΔࢠݪͷҐஔΛ r⃗ɺͦ͜ʹ͢ࡏہΔ

܈ಓ͕খيͷࢠి Gr⃗ ͷط໿දݱ uβ
r⃗ Ͱ͋Δͱ͢Δͱɺ͜ͷ

ͷઈԑମʹؚ·ΕΔݶۃࢠݪ Gk⃗ ͷط໿දݱ Uα
k⃗
ͷݸ਺͸ɺ

(28)ࣜΛ༻͍ͯ

(nα
k⃗
)(r⃗,β) =

1

|Gk⃗/T |
∑

h∈Gk⃗/T

tr[Uα
k⃗
(h)]∗ tr[Ũ (r⃗,β)

k⃗
(h)] (83)

ͱද͢͜ͱ͕Ͱ͖Δɻͨ ͩ͠ Ũ (r⃗,β)

k⃗
(h)͸ (64)ࣜͰ༩͑ͨڧ

ଋറ໛ܕʹ͓͚ΔରশੑͷදݱͰ͋Δɻ͜ ͷ{(nα
k⃗
)(r⃗,β)}α,⃗k∈K

Λ (80)ࣜͷΑ͏ʹฒ΂ͨ΋ͷΛ a⃗(r⃗,β)ͱॻ͘͜ͱʹ͠Α͏ɻ

͜͜·Ͱ͸୯Ґ๔಺ͷҰՕॴʹط໿දݱΛࢠిͭ࣋Λہ

ɺΑΓҰൠʹ͸ɺಉ͡Ґஔʹෳ਺͕ͨ͑ߟΔ৔߹Λͤ͞ࡏ

ͷిࢠΛͤ͞ࡏہΔ͜ͱ΋Ͱ͖Δ͠ɺผͷҐஔ r⃗′ʹࢠݪΛ

௥Ճͯ͠΋Α͍ɻ͜ΕʹରԠ͢Δط໿දݱͷݸ਺͸୯ʹ࿨

a⃗(r⃗,β)+ a⃗(r⃗
′,β′)+ · · · Ͱ༩͑ΒΕΔɻ͜ΕΒͷݶۃࢠݪͷઈ

ԑମʹରԠ͢Δط໿දݱͷ૊Έ߹Θ͔ͤΒͳΔू߹Λ

{AI}G≥0 =
{∑

r⃗

mβ
r⃗,β a⃗

(r⃗,β)|mβ
r⃗ ∈ Z,mβ

r⃗ ≥ 0
}

(84)

ͱॻ͘͜ͱʹ͢Δɻr⃗ ͸Ұ͢ݟΔͱ࿈ଓྔ͕ͩɺ࣮ࡍʹ͸

ҰͭͷϫΠίϑҐஔ͔Β͸୅දͷҰ఺͚ͩΛબ΂͹ྑ͍ͷ

Ͱ࿨͸཭ࢄతͰ͋Δʢr⃗ͱ r⃗′͕ಉ͡ϫΠίϑҐஔʹଐ͢Δ

ɺ(nα࣌
k⃗
)(r⃗,β) = (nα

k⃗
)(r⃗

′,β)ͱͳΔ͔Βʣɻؒ࣌൓సରশੑͳ

Ͳͷ൓ϢχλϦରশੑ͕ଘ͢ࡏΔ৔߹ʹ͸ɺmβ
r⃗ ʹ਺ۮ͕

ΕͨΓɺmβ͞ݶ੍
r⃗ = mβ′

r⃗ ͱ͍͏੍͖͕ͭݶಘΔɻ

3.1.4. όϯυτϙϩδʔͷ؆ศͳ൑ఆ๏

ͯ͞ɺڧଋറ໛ܕ΍ີ౓൚ؔ਺๏ͳͲʹΑΔࢉܭʹΑͬ

ͯɺۭؒ܈ G Λ͋ͭ࣋Δ෺࣭ʹ͍ͭͯͷόϯυߏ଄͕༩͑
ΒΕͨͱ͢Δɻಛʹઈԑମʹ͍ͭͯٞ࿦͢ΔͨΊʹɺϑΣ

ϧϛΤωϧΪʔ෇ۙʹେҬతͳόϯυΪϟοϓ͕։͍͍ͯ

ΔͱԾఆ͢Δɻ͜ͷઈԑମ͕ԿΒ͔ͷඇࣗ໌ͳτϙϩδʔ

Λ͔ͭ࣋Ͳ͏͔Λ؆ศʹ൑ఆ͢Δ͜ͱ͕ʮରশੑࢦඪʯͷ

໨తͰ͋Δɻ΋ͪΖΜɺϒϩοϗؔ਺͕ৄࡉʹ෼͔͓ͬͯ

Γɺؔ͏ͦ͠܎ͳτϙϩδΧϧ਺΋༧૝͕෇͍͍ͯΔͷͰ

͋Ε͹ɺ࣮ࡍʹͦͷτϙϩδΧϧ਺ͷ஋Λͯ͠͠ࢉܭ·͑

͹Α͍ɻ͔͠͠ɺ֤೾਺఺͝ͱʹಠཱʹର֯Խ͞Εͨ਺஋

੒͢Δ͜ߏΒ͔ͳϒϩοϗؔ਺Λ׈ʹՌ͔ΒେҬత݁ࢉܭ

ͱ΍ɺ۩ମతʹͲͷτϙϩδΧϧ਺Λௐ΂Ε͹͍͍ͷ͔ఱ

ԼΓʹ༧૝͢Δ͜ͱ͸Ұൠʹ೉͍͠ɻ

ͦ͜Ͱɺ͜ͷόϯυߏ଄ͷͭ࣋ Gk⃗ ͷط໿දݱͷ৘ใΛ

ରশ೾਺ߴ k⃗ ∈ K ͰͦΕͧΕநग़͢Δ͜ͱʹΑΓɺb⃗ ∈
{BS}G≥0Λߏ੒͠ɺ͜Ε͕ {AI}G≥0ʹ΋ؚ·Ε͍ͯΔ͔Ͳ͏

͔ௐ΂Δɻ͍·Ծʹ

b⃗ /∈ {AI}G≥0 (85)

ͩͱ͢Δͱɺط໿දݱͷ૊Έ b⃗Λͭ࣋Α͏ͳઈԑମͷࢠݪ

Δઈԑମ͸͍ͯ͑ߟ·ͳ͍ͷͰɺ͍͠ࡏ͸ͦ΋ͦ΋ଘݶۃ

ඞͣඇࣗ໌ͳτϙϩδʔΛ༗͢Δ͜ͱ͕෼͔Δɻٯʹɺ΋

͠ b⃗ ∈ {AI}G≥0ͳΒ͹ɺط໿දݱͷ૊Έ߹Θ͚͔ͤͩΒ͸Կ

΋ͣ͑ݴɺݪཧతʹ͸͜ͷઈԑମ͸ಉ͡දݱΛۃࢠݪͭ࣋

ͷઈԑମʹஅ೤઀ଓ͞ΕಘΔɻͭ·Γɺ(85)ࣜͷ৚݅͸ݶ

͜ͷઈԑମ͕τϙϩδΧϧʹඇࣗ໌Ͱ͋ΔͨΊͷे෼৚݅

Ͱ͋Δͱ͑ݴΔɻ͜Ε͸ඞͣ͠΋ඞཁ৚݅Ͱ͸ͳ͍ʢͭ·

Γɺ⃗b ∈ {AI}G≥0Ͱ΋τϙϩδΧϧʹඇࣗ໌ͳઈԑମ͸ଘࡏ

͢Δʣ͕ɺ্ड़ͷΑ͏ͳ໰୊Λؚ·ͣ༰қʹ൑ఆͰ͖Δ͜ͱ

͕௕ॴͰ͋Δɻۙ೥զʑ͸ʮϑϥδϟΠϧτϙϩδʔʯͱݺ

͹ΕΔ৽͍͠ΫϥεͷτϙϩδΧϧઈԑମΛఏҊͨ͠10)͕ɺ

͜ΕΛಉఆͰ͖ͨͷ΋͜ͷ൑ఆ๏ͷ؆ศ͕͞ނͰ͋ͬͨɻ

Ҏ্ɺ઎༗όϯυ͕طͭ࣋໿ද͍ͯͮجʹݱઈԑମ͕࣋

ͭτϙϩδʔΛ൑ఆ͢Δ͜ͱͷجຊతͳΞΠσΟΞΛड़΂

ͨɻ࣍અͷٞ࿦͸ز෼ந৅౓͕૿ͨ͢Ίɺৄڵʹࡉຯ͕ͳ

͍ํ͸ඈ͹ͯ͠ 3.2અҎ߱ʹਐΜͰ͍͍ͨͩͯߏΘͳ͍ɻ

3.1.5. XG
BS ͷఆٛ

લઅͰ͸ɺೋͭͷू߹ {BS}G≥0 ͱ {AI}G≥0 ͷҧ͍ʹண໨

͢Δ͜ͱͰɺόϯυߏ଄ͷͭ࣋τϙϩδʔΛද͔ݱΒௐ΂

Δ͜ͱ͕Ͱ͖Δ͜ͱΛٞ࿦ͨ͠ɻ͔͠͠ू߹ͷࠩ

{BS}G≥0 \ {AI}G≥0 (86)

͸៉ྷͳ਺ֶతͳߏ଄Λ͓ͯͬ࣋Βͣɺ͜ͷݩΛܥ౷తʹ

෼ྨ͢Δ͜ͱ͸೉͍͠ɻ

ͦ͜Ͱू߹ {BS}G≥0 ΛՃ܈ͱͳΔΑ͏ʹ֦ுͯ͠ѻ͍΍

͘͢͠Α͏ɻ͜ͷͨΊʹɺ(81)ࣜͷ৚݅ΛҰ୴๨Εͯෛͷ

੔਺΋ؚΊΔ͜ͱʹ͠ɺ͜ΕΛ {BS}G ͱॻ͘ɻ͜͏͢Δͱ
ͭ·Γ b⃗1, b⃗2 ∈ {BS}G ͷͱ͖ࠩ b⃗1 − b⃗2΋ {BS}G ʹؚ·Ε
ΔͷͰ {BS}G ͸ʢࣗ༝ʣՃ܈ ZdBSʢ1 ≤ dBS ≤ Dʣͱͳ

Δɻগ͠೉͘͠͡ײΒΕΔ͔΋͠Εͳ͍͕ɺ͜ͷࣄ৘͸ʮෛ

Ͱͳ͍੔਺ͷू߹ Z≥0 = {0, 1, 2, · · · }͸܈Ͱ͸ͳ͍͕ɺશ
੔਺ͷू߹ Z = {· · · ,−2,−1, 0, 1, 2, · · · }͸Ճ܈Ͱ͋Δ͜
ͱʯͱશ͘ಉ͡Ͱ͋Δɻ

ಉ༷ʹɺ(84)ࣜӈลͷmβ
r⃗ ≥ 0ͱ͍͏৚݅Λ๨Εɺ͋ΒΏ

Δ੔਺Λ͜͢ڐͱʹ͢Ε͹Ճ܈ {AI}G = ZdG
AIʢ1 ≤ dAI ≤

Dʣ͕ಘΒΕΔɻఆٛʹΑΓ {AI}G ͸ {BS}G ͷਖ਼ن෦෼܈
Ͱ͋Δ͔Βɺ঎܈

XG
BS = {BS}G/{AI}G (87)

͕ఆٛͰ͖Δɻݪཧతʹ͸ dGBS > dGAI ͱͳΓಘΔ͕ɺ࣮ࡍ

ʹ͸ ରͯ͠ʹ܈શͯͷۭؒݸ230 dBS = dAI͕੒ཱ͍ͯ͠

Δ9)ɻ͜ͷͨΊɺXG
BS ͸ৗʹ

XG
BS = Zn1 × Zn2 × · · ·× ZnN (88)

ʢni͸ 2Ҏ্ͷ੔਺ɺN ͸ 1 ≤ N ≤ dGBSͷൣғͷ੔਺ʣͱ

ͳΔɻʹܗ͏͍

230छྨͷۭؒ܈΍ɺ1651छྨͷ࣓܈ۭؒؾʹରͯ͠ɺ

dGBS = dGAIͷ஋΍XG
BSͷ۩ମܗΛٻΊΔ໰୊͸จݙ

9)Ͱղ
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ܾ͞Εͨɻྫ͑͹ฒਐରশੑʹՃۭ͑ͯؒ൓సରশੑͷΈ

Λͭ࣋ ʢP܈ۭؒݩ࣍3 1̄ʣͰ͸ؒ࣌൓సରশੑ΍ిࢠεϐ

ϯͷ༗ແʹؔΘΒͣ XG
BS = (Z2)3 × Z4 ͱ͍͏݁Ռ͕ಘΒ

ΕͨɻҎԼͰ͸ɺ۩ମతʹXG
BS͕ԿΛද͢ͷ͔Λ۩ମྫΛ

௨ͯ͠ΈͯΏ͘ɻ

3.2. ෼ۃͱදݱͷؔ܎

3.2.1. ϕϦʔҐ૬ͱ෼ۃ

όϯυߏ଄͕طͭ࣋໿දݱͷ৘ใ {nα
k⃗
}k⃗,α͕όϯυߏ଄

ͷτϙϩδʔͱਂؔ͘Θ͍ͬͯΔ͜ͱΛ۩ମྫΛ௨ͯ͠ೲ

ಘ͢ΔͨΊʹɺ·ͣ͸֤छͷτϙϩδΧϧ਺Λٞ࿦͢Δ্

Ͱ΋ͬͱ΋ૅجతͳిؾ෼ۃ (electric polarization)ʹ͍ͭ

ͯٞ࿦͠Α͏ɻిؾ෼ۃΛ͢ࢉܭΔʹ͸ɺຊདྷ͸෺࣭தͷ

ਖ਼ిՙͱෛిՙͷҐஔͷζϨΛௐ΂Δͳ͚Ε͹ͳΒͳ͍͕ɺ

ͷࣗ༝౓ͷΈʹண໨͠ɺҎԼͰઆ໌͢Δϫχࢠ͸ిʹࡍ࣮

Τத৺ (Wannier center)Λ༻͍ͨٞ࿦͕ͳ͞ΕΔ͜ͱ͕ଟ

͍5)ɻ

·ͣ؆୯ͷͨΊʹΤωϧΪʔ εk⃗nΛͭ࣋ 1όϯυ͕ଞͷ

όϯυ͔ΒόϯυΪϟοϓͰִͯΒΕ͍ͯΔ৔߹Λ͑ߟΔɻ

͜ͷόϯυͷϒϩοϗঢ়ଶΛ

|⃗kn⟩ =
∑

R⃗,s

eik⃗·R⃗(ψ̃k⃗n)s|R⃗s⟩ (89)

ͱ͢Δɻ|R⃗s⟩ ≡ (ĉR⃗)
†
s|0⟩͸୯Ґ๔ R⃗ =

∑
I nI a⃗I ʹଐ͠࠲

ඪ x⃗ = R⃗+ r⃗sʹҐஔ͢Δيಓ s (s = 1, 2, . . . , Norb)ͷҰి

ঢ়ଶͰ͋Δɻ୯Ґ๔ࢠ R⃗0 ʹଐ͢ΔϫχΤঢ়ଶͱϫχΤؔ

਺ (Wannier function)͸

|WR⃗0n
⟩ =

∫
ddk

vBZ
e−ik⃗·R⃗0 |⃗kn⟩ (90)

⟨R⃗s|WR⃗0n
⟩ =

∫
ddk

vBZ
e−ik⃗·(R⃗0−R⃗)(ψ̃k⃗n)s (91)

Ͱఆٛ͞Εɺ֨ن௚ަ৚݅ ⟨WR⃗′
0n

′ |WR⃗0n
⟩ = δR⃗′

0,R⃗0
δn′,nΛ

ຬͨ͢ɻ͕ͨͬͯ͠ɺಛʹ R⃗0 = 0⃗ͷϫχΤؔ਺ͷத৺࠲

ඪʢ=ϫχΤঢ়ଶͰͷҐஔͷظ଴஋ʣ͸

⟨x⃗⟩n =
∑

R⃗,s

⟨W0⃗n|R⃗s⟩(R⃗+ r⃗s)⟨R⃗s|W0⃗n⟩

=

∫
ddk

vBZ
ψ̃†
k⃗n
(⃗r + i∇k⃗)ψ̃k⃗n (92)

ͱද͢͜ͱ͕Ͱ͖Δɻ͜͜ʹ r⃗͸୯Ґ๔಺ͷҐஔΛද͢ର

Ͱྻߦ֯ (⃗r)s′,s ≡ δs′,sr⃗sͰఆٛ͞ΕΔɻ͜ͷࣜͷಋग़ʹ͸∑
R⃗ eik⃗·R⃗ = vBZδd(k⃗)΍

∑
R⃗ R⃗eik⃗·R⃗ = −vBZi∇k⃗δ

d(k⃗)Λ༻

͍Ε͹Α͍ɻ

2.1.2અͰઆ໌ͨ͠Α͏ʹɺϑʔϦΤม׵ʹ͸୯Ґ๔ͷҐ

ஔ R⃗Λ༻͍ͯ ˆ̃c†
k⃗
≡
∑

R⃗ ĉ†
R⃗
eik⃗·R⃗ͱ͢Δ΋ͷͱɺ࣮ࡍͷيಓ

ͷҐஔ R⃗+ r⃗s Λ༻͍ͯ (ĉ†
k⃗
)s ≡

∑
R⃗(ĉ

†
R⃗
)seik⃗·(R⃗+r⃗s) ͱ͢Δ

΋ͷͷೋ͕ͭ͋ΔɻೋͭͷϑʔϦΤม׵ͷදࣜ͸ɺϢχλ

Ϧྻߦ Vk⃗ = e−ik⃗·⃗rͰ݁͹Ε͓ͯΓɺHk⃗ = Vk⃗H̃k⃗V
†
k⃗
ͷݻ༗

ϕΫτϧ͸ ψk⃗ni = Vk⃗ψ̃k⃗ni Ͱ༩͑ΒΕΔɻψk⃗n Λ༻͍Δͱ

(92)ࣜ͸

⟨x⃗⟩n =

∫
ddk

vBZ
ψ†
k⃗n
i∇k⃗ψk⃗n (93)

ͱίϯύΫτʹදݱͰ͖Δɻ

͜ͷ݁ՌΛ ν ຊͷ઎༗όϯυ͔ΒͳΔઈԑମ΁ͱҰൠԽ

͠Α͏ɻϫχΤத৺ͷ࿨͸

⟨x⃗⟩ =
∫

ddk

vBZ

(
˜⃗
Ak⃗ + tr[Φ̃†

k⃗⃗
rΦ̃k⃗]

)

=

∫
ddk

vBZ
A⃗k⃗ (94)

ͱɺ઎༗όϯυͷϕϦʔ઀ଓ (Berry connection)

˜⃗
Ak⃗ = tr[Φ̃†

k⃗
i∇k⃗Φ̃k⃗], (95)

A⃗k⃗ = tr[Φ†
k⃗
i∇k⃗Φk⃗] (96)

Λ༻͍ͯද͢ݱΔ͜ͱ͕Ͱ͖ΔʢΦk ≡ VkΦ̃kʣɻͭ·Γೋͭ

໨ͷϑʔϦΤม׵ͷఆٛΛ༻͍ΔͱʮϕϦʔ઀ଓͷ BZۭ

ؒͰͷฏ͕ۉϫχΤத৺ ⟨x⃗⟩Λද͢ʯ5)͜ͱʹͳΔɻ΋ͪΖ

ΜϑʔϦΤม׵ͷҰͭ໨ͷఆٛʹͮ͘جϕϦʔ઀ଓΛ༻͍

Δ͜ͱ΋Ͱ͖Δ͕ɺͦͷ৔߹͸୯Ґ๔಺ͷҐஔΛද͢ r⃗ͷ

·༩ΛՃ͑ΔͷΛ๨Εͳ͍Α͏ʹ͠ͳ͚Ε͹ͳΒͳ͍ɻد

ͨɺνݩ࣍ϢχλϦྻߦ vk⃗ʹΑΔม׵Φk⃗n → Φk⃗nvk⃗ʢͨͩ

͠ vk⃗+G⃗ = vk⃗ʣͷ΋ͱͰɺA⃗k⃗ ͸ A⃗k⃗ → A⃗k⃗ + i∇k⃗ log det vk⃗
ͱมԽ͠ɺ݁Ռͱͯ͠ ⟨x⃗⟩͸جຊฒਐϕΫτϧͷ੔਺ഒͩ
͚มԽ͠ಘΔ14ɻ͕ͨͬͯ͠ ⟨x⃗⟩ͷฒਐϕΫτϧͷҧ͍ʹ
෺ཧతҙຯ͸ͳ͍͜ͱʹ஫ҙ͕ඞཁͰ͋Δɻ

͜ͷϕϦʔҐ૬ͱ෼ۃͷؔ܎͸ɺ೾਺ k⃗ͷ୅ΘΓʹͻͶ

Γڥք৚݅Λ༻͍Δ͜ͱͰ૬ܥ༺࡞ޓ΁ͱҰൠԽͰ͖Δ11)ɻ

3.2.2. ରশੑʹΑΔ෼ۃͷྔࢠԽ

ΕΔ͔͞׵ͲͷΑ͏ʹม͕ۃͷରশੑͷ΋ͱͰ෼܈ۭؒ

ΛݟΔͨΊʹɺ2.1.5અͰٞ࿦ͨ͠ sewing matrixΛ͍ࢥग़

ͦ͏ɻ͜Ε͸ G ͷ֤ݩ gʹରͯ͠ྻߦཁૉ

[Wk⃗(g)]n′i′,ni = ψ†
g(k⃗)n′i′

Uk⃗(g)ψk⃗ni (97)

ʹΑͬͯఆٛ͞ΕΔɻ͜ͷ νݩ࣍ϢχλϦྻߦWk⃗(g)Λ༻

͍ΔͱɺΦk⃗ ͷ g ∈ G ͷ΋ͱͰͷม׵ଇ͸

Uk⃗(g)Φk⃗ = Φg(k⃗)Wk⃗(g) (98)

ͱදݱͰ͖Δɻಛʹ h ∈ Gk⃗ ʹରͯ͠͸ (41) ண͠ؼʹࣜ

[Wk⃗(g)]n′i′,ni = δn′,n[U
αn

k⃗
(g)]i′,i ͱͳΔɻ2.3.3અͰΈͨΑ

͏ʹ t⃗g = 0⃗ͱͳΔݩʹ͍ͭͯ͸ Uk⃗(g) = Vg(k⃗)Ũk⃗(g)V
†
k⃗
͸

೾਺ k⃗ ʹґଘ͠ͳ͍ɻ͜ͷ৔߹͸ (117)ࣜΛ༻͍ͯ A⃗k⃗ ͷ

ม׵ଇ

A⃗g(k⃗) = pgA⃗k⃗ − pgi∇k⃗ log detWk⃗(g) (99)

14det vk⃗ = eiθk⃗ ΍ k⃗ =
∑

J qJ b⃗J (−0.5 ≤ qJ ≤ 0.5) ͱ

ॻ͘ͱ b⃗J ·
∫ ddk

vBZ
∇k⃗θk⃗ =

∫
ddq∂qJ θk⃗ = 2πn ͱͳΔ͜ͱ͔Βɺ

∫ ddk
vBZ

i∇k⃗ log det vk⃗ ͕͋ΔฒਐϕΫτϧ R⃗ ͱҰக͢Δ͜ͱ͕෼͔Δɻ
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͕ಘΒΕΔɻ͜ ͷಋग़ʹ͸ϢχλϦྻߦvk⃗ʹରͯ͠ tr[v†
k⃗
∇k⃗vk⃗] =

tr[∇k⃗ log vk⃗] = ∇k⃗ log det vk⃗ ͱͳΔ͜ͱΛ༻͍ͨɻ͢Δͱ

pg⟨x⃗⟩ − ⟨x⃗⟩ =
∫

ddk

vBZ
(pgA⃗k⃗ − A⃗g(k⃗))

= pg

∫
ddk

vBZ
i∇k⃗ log detWk⃗(g) (100)

ͱมܗͰ͖Δ͕ɺޙ࠷ͷࣜͷӈล͸٭஫ 1Ͱड़΂ͨΑ͏ʹ

͋ΔฒਐϕΫτϧ R⃗ͱ౳͍͠ɻͭ·Γʮt⃗g = 0⃗ͱͳΔݩ g

ͷଘࡏԼͰ͸ɺ⟨x⃗⟩͸ pg⟨x⃗⟩− ⟨x⃗⟩ = R⃗Λຬͨ͢Α͏ʹྔࢠ

Խ͞Ε͍ͯΔʯ͜ͱ͕෼͔Δɻ

3.2.3. ܎ͷؔݱͱදۃΔ෼͚͓ʹܥݩ࣍1

xΛ −x΁ͱม͢׵Δରশૢ࡞ gΛͭ࣋Α͏ͳ ܥݩ࣍1

Λ͑ߟΑ͏ɻϩου܈Ͱ͜ΕΛ࣮͢ݱΔʹ͸ɺx࣠ํ޲ͷ

ฒਐରশੑʹՃ͑ͯڸө Mx : (x, y, z) *→ (−x, y, z) ͔ 2

ճճస C2z : (x, y, z) *→ (−x,−y, z)ɺ΋͘͠͸ۭؒ൓స

I : (x, y, z) *→ (−x,−y,−z)ʢୈ 1અͰٞ࿦ͨ͠ p1̄ʹରԠʣ
Λ܈ͭ࣋Λ͑ߟΕ͹Α͍ɻ͜ΕΒͷରশੑͷ΋ͱͰ͸ɺલ

અͷ݁Ռ͔Β 2⟨x⟩ = an (n ∈ Z)ͱͳΓɺ⟨x⟩͸ 0·ͨ͸

a/2 (mod a)΁ͱྔࢠԽ͞ΕΔɻࣜΛ؆୯ʹ͢ΔͨΊʹҎ

ԼͰ͸֨ࢠఆ਺ aΛ 1ͱ͢Δɻ͞Βʹ (99)ࣜΛ༻͍Δͱ

⟨x⟩ = 1

2π

∫ π

0
dk(Ak +A−k)

=
1

2π

∫ π

0
dki∂k log detWk(g)

=
1

2πi
log

ζ0(g)

ζπ(g)
, (101)

͋Δ͍͸

(−1)2⟨x⟩ = ζ0(g)
ζπ(g)

(102)

ͱॻ͘͜ͱ͕Ͱ͖Δ12)ɻ͜͜Ͱ gෆมͳ೾਺ k = 0, πʹ͓

͍ͯ ζk(g) ≡ detWk(g) ͸ʮ֤όϯυͷ gͷݻ༗஋Λશͯ

ͷ઎༗όϯυʹ౉ͬͯੵΛͱͬͨ΋ͷʯΛද͢ɻͭ·Γର

শੑ gͷݻ༗஋ͷੵͷൺ͕෼ۃͷྔࢠԽ஋Λܾఆ͢ΔͷͰ

͋Δɻ

ͷઈԑମͷྫݶۃࢠݪ ֤୯Ґ๔಺Ͱ r = ξ/2 (ξ = 0·ͨ

͸ ΔɻͦΕͧΕ͑ߟΛگΔঢ়͍ͯ͠ࡏہ͕ࢠిʹ(1 1.1.7

અͷ ΛUC
x⃗a

= {(0, 0, 0)}΍ ΛUC
x⃗b

= {(1/2, 0, 0)}ͱ͍͏֨ࢠʹ
ରԠ͢Δɻ͜ͷيಓͷͭ࣋ gͷݻ༗஋Λ u(g)ͱॻ͘ɻ͜Ε

Λ ν = Norb = 1ͷ 1όϯυ໛ܕʢH̃k = Hk = 0ʣͩͱΈͳ

ͯ͜͠Ε·Ͱͷ݁ՌΛద༻ͯ͠ΈΔͱɺŨk(g) = e−iξku(g),

ψ̃k = 1ɺVk = e−iξk/2ɺUk(g) = u(g), ψk = e−iξk/2 ͱͳ

ΔɻಛʹඈͼҠΓੵ෼ͳͲ΋ؚ·ͳ͍ࣗ໌ͳྫͰ͋Δ͕ɺϕ

ϦʔҐ૬ (1/2π)
∫ π
−π dkAk = ξ/2 (mod 1)͸ਖ਼͘͠ϫχΤ

த৺ͷҐஔ ⟨x⟩Λද͍ͯ͠Δɻgͷݻ༗஋͸ ζ0(g) = u(g),

ζπ(g) = (−1)ξu(g)Ͱ͋Γɺ(102)ࣜͷ੒ཱ΋֬ೝͰ͖Δɻ

͜ͷ໛ܕͰ͸ɺαΠτͷҐஔʢਖ਼ిՙͷҐஔʣͱϫχΤத

৺ͷҐஔʢෛిՙͷҐஔʣ͕Ұக͍ͯ͠ΔͷͰɺඇࣗ໌ͳ

෼ۃ͸ੜ͡ͳ͍ɻ

ඇࣗ໌ͳ෼ۃΛੜ͡Δྫ ΑΓඇࣗ໌ͳྫͱͯ͠ɺ࣍ͷ

Norb = 2 όϯυڧଋറ໛ܕΛ͑ߟΑ͏ɻt > 0 ΛΤωϧ

Ϊʔͷݩ࣍Λͭ࣋ఆ਺ɺmΛແݩ࣍ύϥϝʔλͱͯ͠

Hk = τxt sin k + τzt(m− cos k) (103)

ͱ͢ΔɻҎԼɺτ0΍ σ0͸ ɺτ⃗ྻߦ୯Ґݩ࣍2 = (τx, τy, τz)

΍ σ⃗ = (σx,σy,σz)͸ύ΢Ϧྻߦͱ͢Δɻ͜ͷ໛ܕͰ͸֤

୯Ґ๔ʹ͋Δ 2αΠτ͸ͱ΋ʹ rs = 0ʹ͋ΔͱԾఆͨͨ͠

ΊɺVk = 1ͱͳΓೋͭͷϑʔϦΤม׵ͷ۠ผ͸ͳ͍ɻରশ

ੑ g͸ Uk(g) = u2τz ͱද͞ݱΕΔɻu2 ≡
√
ωsp(g, g)͸ g

͕ۭؒ൓సͷ৔߹ʹ͸ 1, g͕ 2ճճస΍ڸөରশੑͷ࣌͸

iͱ͢Δɻm ̸= ±1ͷͱ͖ 2όϯυؒʹόϯυΪϟοϓ͕։

͘ͷͰɺν = 1ͷઈԑମΛ͑ߟΔ͜ͱ͕Ͱ͖Δɻ

gෆมͳ೾਺ k = 0,π Ͱ͸ Hk ͷୈ 1߲͕ফ͑ͯର֯ͳ

ୈ 2߲ͷΈ͕࢒ΔͨΊɺͦͷ܎਺ t(m− cos k)ͷූ߸ʹண

໨͢Ε͹Α͍ɻ|m| > 1ͷͱ͖͸ k = 0ͱ πͰಉූ߸ͳͷ

Ͱ઎༗όϯυͷ gͷݻ༗஋͸౳͘͠ɺ(102)ࣜΑΓ ⟨x⟩ = 0

(mod 1)ͱͳΔɻҰํ |m| < 1 ͷͱ͖͸ k = 0ͱ πʹ͓͚

Δ઎༗όϯυͷ gͷݻ༗஋͸ٯɺͭ·Γ ζ0(g) = −ζπ(g)ͱ
ͳΔͨΊɺϫχΤத৺͸ ⟨x⟩ = 1/2 (mod 1)ʹҐஔ͢Δɻ

͜ͷ৔߹͸αΠτͷҐஔ rs = 0ͱϫχΤத৺ͷҐஔ͕ͣΕ

͓ͯΓɺඇࣗ໌ͳ෼ۃΛ͍ͯͬ࣋Δͱ͑ݴΔɻ

3.2.4. ඪ͕ͳ͍͜ͱࢦͰ͸ରশੑݩ࣍1

લઅͰ঺հͨ͠ ͷઈԑମͷྫʯͱʮඇݶۃࢠݪͷʮݩ࣍1

ࣗ໌ͳ෼ۃΛੜ͡Δྫʯ͸ɺ࢒೦ͳ͕Βରশੑͷݻ༗஋ͩ

͚Λ͍ͯͯݟ΋۠ผͰ͖ͳ͍ɻk = 0ͱ k = π ʹ͓͚Δ g

ͷݻ༗஋͕ҟූ߸Ͱ͋ͬͨͱͯ͠΋ɺݩʑrs = 1/2ʹαΠ

τ͕͚͋ͬͨͩͷࣗ໌ͳঢ়ଶͳͷ͔ɺͦΕͱ΋ݩʑrs = 0

ʹαΠτ͕ఆٛ͞Εͨ໛ܕͰϫχΤத৺ͷҐஔ͕ ⟨x⟩ = 1/2

(mod 1)ʹͣΕͨඇࣗ໌ͳঢ়ଶͳͷ͔෼͔Βͳ͍͔ΒͰ͋

ΔɻΑΓҰൠʹɺ1ݩ࣍Ͱશ 75छྨ͋Δϩου܈ʹରͯ͠ɺ

XG
BS ͸ৗʹࣗ໌ʢXG

BS = 1ʣͰ͋Δ9)ɻ

3.3. ܎ͷؔݱͷτϙϩδΧϧ਺ͱදݩ࣍2

ඪXGࢦඇࣗ໌ͳରশੑʹ࣍
BSΛྫͭ࣋ͱͯ͠ɺ2ܥݩ࣍

ͷ֤छτϙϩδΧϧ਺ͱͷؔ܎Λٞ࿦͠Α͏ɻ

3.3.1. νϟʔϯ਺

ͰॏཁʹͳΔνϟʔϯ਺ܥ൓స͕ഁΕͨؒ࣌ (Chern num-

ber)͸ɺϕϦʔۂ཰ (Berry curvature)

˜⃗
Fk⃗ = ∇k⃗ × ˜⃗

Ak⃗, (104)

F⃗k⃗ = ∇k⃗ × A⃗k⃗ (105)

Λ༻͍ͯ

Cxy = − 1

2π

∫

BZ
d2k(F⃗k⃗)z = − 1

2π

∫

BZ
d2k(

˜⃗
Fk⃗)z (106)
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ͱఆٛ͞ΕΔɻνϟʔϯ਺ Cxy ∈ Zͱϗʔϧ఻ಋ౓ σxyͱͷ

ؒʹ͸ σxy = (e2/2π")Cxyͷ͕ؔ͋܎ΓɺCxy͕ৗʹ੔਺஋
ΛͱΔ͜ͱ͕पظతϙςϯγϟϧதͷࣗ༝ిܥࢠʹ͓͚Δ

ϗʔϧ఻ಋ౓ͷ੔਺ྔࢠԽΛઆ໌͢Δ13)ɻҎԼɺදهΛ؆୯

ʹ͢ΔͨΊجຊฒਐϕΫτϧΛ a⃗x = (1, 0, 0), a⃗y = (0, 1, 0)

ͱ͢Δɻ

ήʔδม׵ Φk⃗n → Φk⃗nvk⃗ɺA⃗k⃗ → A⃗k⃗ + i∇k⃗ log det vk⃗ ʹ

Αͬͯɺ(i) (A⃗k⃗)y = (A⃗k⃗+G⃗)y ͔ͭ (ii) BZ಺ʹ A⃗k⃗ ͷಛҟ

఺Λͨ࣋ͳ͍Α͏ʹ͢Δɻ͜ͷήʔδͰ͸Ұൠʹ (A⃗k⃗)xͱ

(A⃗k⃗+G⃗)x ͸Ұகͤͣɺνϟʔϯ਺͸

Cxy = − 1

2π

∫ π

−π
dkx

∫ π

−π
dky(F⃗k⃗)z

=
1

2π

∫ π

−π
dkx[A⃗(kx,π) − A⃗(kx,−π)]x

= (⟨xπ⟩ − ⟨x−π⟩) (107)

ͷΑ͏ʹɺ֤ ky ʹରͯ͠ఆٛͨ͠෼ۃ ⟨xky ⟩

⟨xky ⟩ ≡
1

2π

∫ π

−π
dkx[A⃗(kx,ky)]x (108)

ͷࠩͰද͢ݱΔ͜ͱ͕Ͱ͖Δɻ

3.3.2. νϟʔϯ਺ͱճసରশੑͷݻ༗஋

z࣠पΓͷ nճճసରশੑ Cnz Λܥͭ࣋Ͱ͸ɺߴରশ೾

਺ʹ͓͚Δճసରশੑͷݻ༗஋ʹΑͬͯ xy ໘ͷνϟʔϯ

਺ Cxy Λmod nͰ͢ࢉܭΔ͜ͱ͕Ͱ͖Δ14)ɻྫ͑͹ n = 2

ͷ৔߹ʹ͸

(−1)Cxy =
ζ(0,π)(C2z)
ζ(0,0)(C2z)

ζ(π,0)(C2z)
ζ(π,π)(C2z)

(109)

ʹΑͬͯ CxyͷحۮΛܾఆͰ͖Δɻζk⃗(C2z) ≡ detWk⃗(C2z)

͸ɺ೾਺

K2D ≡ {(nxπ, nyπ, 0)|nx, ny = 0, 1} (110)

ʢਤ 3(a)ʣʹ͓͚Δ C2z ରশੑͷݻ༗஋Λશͯͷ઎༗όϯ

υʹ౉ͬͯੵΛͱͬͨ΋ͷͰ͋Δɻ

nճճసରশੑ͕͋Δ৔߹ͱͯͬݴ΋ɺxy໘ʹରͯ͠ճ

సରশੑͷΑ͏ʹৼΔ෣͑͹े෼Ͱɺີݫʹ ͷۭؒݩ࣍3

ճసରশੑͰ͋Δඞཁ͸ͳ͍ɻྫ͑͹ C2z ͷ୅ΘΓʹۭؒ

൓స IɺC4z ͷ୅ΘΓʹ 4ճճ൓ S4z = IC4zɺC6z ͷ୅Θ

Γʹ 3ճճ൓ S3z = IC3z Λ༻͍ͯ΋ྑ͍ɻ͜ΕΒ͍޿ҙ

ຯͰͷ nճసରশੑͷݻ༗஋ͱ nΛ๏ͱͨ͠νϟʔϯ਺ͷ

Δ͜ͱ͔ΒɺฒਐରশੑʹՃ͑ͯ͜ΕΒͷର͍ͯ͠܎͕ؔ

শੑ͚ͩΛͭ࣋ Ͱ͸XGܥݩ࣍2
BS = ZnͱͳΔɻ͜ͷ८ճ

͸܈ Cxy = 1 mod nͷνϟʔϯઈԑମͰੜ੒͞ΕΔɻ

ճసରশੑͷݻ༗஋Λௐ΂Δ͚ͩͰνϟʔϯ਺ͷ৘ใΛ

ಘΔ͜ͱ͕Ͱ͖Δͷ͸ศར͕ͩɺCxy ͷ nͷҧ͍Λແ͠ࢹ

ͯ͠·͏ͷ͕ܽ఺Ͱ͋Γɺྫ͑͹ Cxy = +n > 0ͩͱͯ͠

΋όϯυߏ଄ͷͭ࣋දݱ͸ Cxy = 0ͷ৔߹ͱಉ͡ʹͳͬͯ

+

+ +

+‒

+ +

+

(a) (b) (c) (d)

ਤ 3 (a): C2 ճస΍ۭؒ൓సͰෆมͳ೾਺ɻ (b) 0 < m′ < 2ʢCxy = 1ʣ
ͷͱ͖ͷ઎༗όϯυͷۭؒͭ࣋൓సରশੑͷݻ༗஋ɻ(c) 2 < m′ʢCxy = 0ʣ
ͷͱ͖ͷ઎༗όϯυͷۭؒͭ࣋൓సରশੑͷݻ༗஋ɻ

͠·͏ɻ͜Ε͕ (85)͕ࣜτϙϩδΧϧʹඇࣗ໌Ͱ͋ΔͨΊ

ͷे෼৚݅Ͱ͋Δ͕ඞཁ৚݅Ͱ͸ͳ͍͜ͱͷྫͰ͋Δɻ

(109)ࣜͷ؆୯ͳಋग़͸จݟʹݙΒΕͳ͍ͷͰɺ͜͜Ͱ

ࣔͯ͠ΈΑ͏ɻ(99)ࣜʹΑΓ F⃗k⃗ ͕

F⃗g(k⃗) = F⃗k⃗ (111)

Λຬͨ͢͜ͱʹ஫ҙ͢Δɻಛʹ g = C2z ճసͷ৔߹Λ͑ߟ

Δͱɺ࣍ͷΑ͏ʹมܗͰ͖Δɻ

Cxy = − 1

2π

∫ π

−π
dkx

∫ π

0
dky(F⃗k⃗ + F⃗−k⃗)z

= − 1

π

∫ π

−π
dkx

∫ π

0
dky (F⃗k⃗)z

=
1

π

∫ π

−π
dkx[A⃗(kx,π) − A⃗(kx,0)]x

= 2(⟨xπ⟩ − ⟨x0⟩). (112)

͜Εʹ (102)ࣜΛద༻ͯ͠গ͠ॻ͖͑׵Δͱ (109)ࣜͱͳ

Δ 15ɻ2ճճసͰ͸ͳ͘ nճճసͷ৔߹ͷࣜ΋ಉ༷ʹͯ͠

ಋ͘͜ͱ͕Ͱ͖Δɻ

͜ͷճసରশੑͷݻ༗஋ͱνϟʔϯ਺ͷؔ܎΋ɺͻͶΓ

΁ͱҰൠԽͰ͖Δ15)ɻܥ༺࡞ޓք৚݅Λ༻͍Δ͜ͱͰ૬ڥ

νϟʔϯઈԑମͷྫ gΛ 2ճճసରশੑ·ͨ͸ۭؒ൓స

ରশੑͱ͢Δɻ͜ͷରশੑΛͭ࣋ ͷݩ࣍2 2όϯυڧଋറ

໛ܕͰɺrs = 0ʹαΠτ͕͋Δ΋ͷΛ͑ߟΑ͏ɻ

Hk⃗ = τxt sin kx + τyt sin ky + τzt(m
′ − cos kx − cos ky).

(113)

m′ ͸ແݩ࣍ύϥϝʔλͰ τ⃗ = (τx, τy, τz)͸ύ΢ϦྻߦͰ

͋Δɻ͜͜Ͱ΋ରশੑ g ͸ Uk⃗(g) = u2τz ͱද͞ݱΕΔɻ

m′ ̸= 0,±2ͷͱ͖͸શ೾਺఺ͰόϯυΪϟοϓ͕։ͨ͘Ίɺ

ν = 1ͷઈԑମΛ͑ߟΔ͜ͱ͕Ͱ͖Δɻ͜ͷ ͸ܕ໛ݩ࣍2

ky = 0,πͰ͸ (103)ࣜͷ ண͠ɺkyؼʹܕ໛ݩ࣍1 = 0Ͱ͸

m = m′−1ɺky = πͰ͸m = m′+1ͱରԠ͢Δɻ͕ͨͬ͠

ͯɺ|m′| < 2Ͱ͸ʢόϯυΪϟοϓ͕ด͡ΔҰ఺m′ = 0Λ

আ͍ͯʣ⟨x(π)⟩ − ⟨x(0)⟩ = 1/2 (mod 1)ͱͳΓɺνϟʔϯ

਺͕ح਺Ͱ͋Δ͜ͱ͕෼͔Δɻಉ͜͡ͱ͕ͩɺ(109)ࣜͷެ

͔ࣜΒ΋௚ͪʹ (−1)Cxy = −1͕ಘΒΕΔɻʢg͕ۭؒ൓స

ରশੑͷ৔߹ͷ઎༗όϯυͷݻ༗஋Λਤ 3(b,c)ʹࣔͨ͠ɻʣ

ʹࡍ࣮ Cxy Λͯ͠ࢉܭΈΔͱɺ0 < m′ < 2ͳΒ Cxy = 1ɺ

15(112)ࣜͷ ໨ʹ͸ɺCxyߦ3,4 ̸= 0ͷͱ͖ʹ A⃗k⃗ ʹੜ͡Δಛҟੑͷͨ
Ίʹۮ਺෼ͷෆఆੑ͕͋Δ͕ɺ͜Ε͸ Cxy ͷحۮʹ͸Ө͠ڹͳ͍ɻ
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−2 < m′ < 0ͳΒ Cxy = −1ɺ|m′| > 2ͳΒ Cxy = 0Ͱ

͋Δɻ

3.3.3. νϟʔϯઈԑମͷΧΠϥϧ୺ঢ়ଶ

(113)ࣜͷ໛ܕͷɺCxy = 1ͷ૬ʢ0 < m′ < 2ʣͱ Cxy =

0 ͷ૬ʢ2 < m′ʣͷք໘ʹݱΕΔ୺ঢ়ଶΛௐ΂Α͏ɻਤ

3(d)ͷΑ͏ʹɺn̂ = (cosφ, sinφ, 0)Λ๏ઢϕΫτϧɺℓ̂ =

(− sinφ, cosφ, 0)ΛڥքʹԊ͏ํ޲ͱ͢Δ௚ઢతͳڥքΛߟ

͑Α͏ɻ⃗x = (x, y, 0)Λ x⃗ = xnn̂+x∥ℓ̂ͱ෼ղ͢ΔɻCxy = 1

ͱ Cxy = 0ͷೋͭͷ૬ͷڥք͕ xn = LͱͳΔΑ͏ʹ͢Δ

ͨΊʹɺ(113)ࣜͷ Hk⃗ ʹؚ·ΕΔύϥϝʔλm′ ʹ xn ґ

ଘੑΛͤͨ࣋Δɻδmxn ≡ m′
xn

− 2͕ xn < Lͷͱ͖Ұఆ

஋ −m0ʢ0 < m0 < 2ʣʹɺxn > Lͷͱ͖ +m0 ʹۙͮ͘

Α͏ʹɺྫ͑͹ δmxn = m0 tanh
xn−L

a ͱ͢Ε͹Α͍ɻ

Hk⃗ ͸m′ = 2ͷͱ͖ʹ k⃗ = 0ͰΪϟοϓΛด͡ΔͷͰɺ

͜ͷۙ๣ʹண໨ͨ͠௿ΤωϧΪʔ༗ޮ৔ͷཧ࿦Λ͑ߟΔɻ

k⃗ = knn̂ + k∥ℓ̂ͷҰ࣍·Ͱల։ͨ͠ϋϛϧτχΞϯΛ n̂ํ

΁໭͢ͱۭ࣮ؒͯؔ͠ʹ޲

Hn̂,xn,k∥ = −itaτ⃗ · n̂∂xn + taτ⃗ · ℓ̂k∥ + τztδmxn (114)

ͱͳΔɻ͜ͷϋϛϧτχΞϯͷݻ༗ؔ਺ͷ͏ͪ xn = L෇

Խఆ਺Λআ͍ͯ֨نΔ΋ͷ͸ɺ͢ࡏہʹۙ

ψn̂,xn,k∥ = e−
1
a

∫ xn
0 δmx′dx′

(
1

ieiφ

)
(115)

Ͱ͋Δɻ͜Ε͸ΤωϧΪʔݻ༗஋ εk∥ = tak∥ Λͪ࣋ɺℓ̂ͷ

΁ͷ଎౓޲ํ vk∥ = 1
!∂k∥εk∥ = ta

! > 0Λͭ࣋ΧΠϥϧ୺

ঢ়ଶͰ͋Δɻ(114)ࣜΛ ψn̂,xn,k∥ ͷۭؒʹࣹӨ͢Δ͜ͱͰɺ

͜ͷΧΠϥϧ୺ঢ়ଶΛهड़͢Δ༗ޮ ܕ໛ݩ࣍1

Heff
n̂,k∥

= tak∥ (116)

͕ಘΒΕΔɻ

3.3.4. εϐϯϗʔϧઈԑମࢠྔ

൓సରশੑؒ࣌ T Λ༗͢Δ ରͯ͠͸ʹܥࢠిݩ࣍2 Z2

τϙϩδΧϧ਺ νxy (= 0·ͨ͸ 1)Λఆٛ͢Δ͜ͱ͕Ͱ͖

Δɻ͜Ε͸ࣜ࣍Ͱఆ·Δؒ࣌൓సରশੑͷ sewing matrix

Wk⃗(T )Λ༻͍ͯఆٛ͞ΕΔɻ

U(T )Φ∗
k⃗
= Φ−k⃗Wk⃗(T ). (117)

൓సରশੑͷԼͰ͸ɺ(99)ؒ࣌ ࣜ΍ (111) ࣜʹରԠͯ͠

A⃗−k⃗ = A⃗k⃗ + i∇k⃗ log detWk⃗(T ), F⃗−k⃗ = −F⃗k⃗ ͕੒ཱ͢Δͨ

Ίɺνϟʔϯ਺ Cxy͸ৗʹθϩʹͳΔɻ͔͠͠Wk⃗(T )͸࣌

ؒ൓సରশ೾਺K2D [(110)ࣜ] ʹ͓͍ͯ͸൓ରশྻߦͱͳ

ΔͨΊ16ɺ୅ΘΓʹύϑΟΞϯ (Pfaffian) Pf[Wk⃗(T )]͕ఆ

16ূ ໌ ͸ ɺ[Wk⃗(T )]n′i′,ni = ψ†
−k⃗n′i′

[U(T )]ψ∗
k⃗ni

=

ψ†
k⃗ni

[−U(T )]ψ∗
−k⃗n′i′

= −[W−k⃗(T )]ni,n′i′ɻͨͩ͠ U(T )T = −U(T )

ʢ2.4.1 અʣΛ༻͍ͨɻ

ٛͰ͖Δ17ɻνxy ͸͜ͷύϑΟΞϯΛ༻͍ͯ

(−1)νxy =
∏

k⃗∈K2D

Pf[Wk⃗(T )]
√

detWk⃗(T )
(118)

ͱఆٛ͞ΕΔɻ͜ͷ͕ࣜҙຯΛͨͭ࣋Ίʹ͸
√
detWk⃗(T )

͕࿈ଓͱͳΔΑ͏ʹେҬతʹήʔδΛݻఆ͢Δඞཁ͕͋Γɺ

͜ͷఆٛʹैͬͯ νxy Λ͢ࢉܭΔͷ͸༰қͰ͸ͳ͍ɻ

Ұํɺؒ࣌൓సରশੑʹՃۭ͑ͯؒ൓సରশੑ I ͕͋Δ

৔߹͸ɺFu-Kaneެࣜ

(−1)νxy =
∏

k⃗∈K2D

ζ ′
k⃗
(I) (119)

Λ༻͍Δ͜ͱͰ νxy Λ؆୯ʹ͢ࢉܭΔ͜ͱ͕Ͱ͖Δ16)ɻͨ

ͩ͠ ζ ′
k⃗
(I)͸ɺ઎༗يಓͷ֤ΫϥϚʔεର͔Βยํ͚ͩΛ

બΜͰ I ͷݻ༗஋ͷੵΛऔΔ͜ͱΛҙຯ͢Δɻ

Fu-Kaneެࣜͷূ໌͸ݪ࿦จ16) ΍ͦͷղઆ17) ʹৄ͍͠

ͷͰɺ͜͜Ͱ͸ུ֓ͷΈ঺հ͢Δɻରশੑ IT ͷ sewing

matrix͸

Wk⃗(IT ) = W−k⃗(I)Wk⃗(T ) (120)

ͱදͤΔɻWk⃗(IT )͸൓ରশྻߦͰ͋Γɺશ೾਺఺Ͱύϑ

ΟΞϯ͕ఆٛͰ͖Δɻ(120) ࣜʹద౰ͳجఈΛͱͬͯࢉܭ

͢Δͱɺؒ࣌൓సରশ೾਺ K2D Ͱ͸ Pf[Wk⃗(T )] = ζ ′
k⃗
(I)

Pf[Wk⃗(IT )] ͕੒ཱ͢Δ͜ͱ͕෼͔Δɻଞํ W−k⃗(IT ) =

Wk⃗(T )Wk⃗(IT )∗ Wk⃗(T )T ʹΑΓશ೾਺఺ͰPf[W−k⃗(IT )] =

det[Wk⃗(T )]Pf[Wk⃗(IT )]∗͕੒ཱ͢Δ18ɻ͍·ద౰ͳήʔδ

ม׵ Φk⃗ → Φk⃗vk⃗ʹΑ֤ͬͯ఺ k⃗Ͱ Pf[Wk⃗(IT )] = +1ͱͳ

ΔΑ͏ʹ͢ΔͱɺPf[Wk⃗(T )] = ζ ′
k⃗
(I)͔ͭdet[Wk⃗(T )] = +1

ͱͳΔͨΊɺ(118)͔ࣜΒ (125)͕ࣜ௚ͪʹै͏ɻ

͜ͷ Fu-Kaneެ͔ࣜΒ΋ࣔࠦ͞ΕΔΑ͏ʹɺۭؒ൓సର

শੑͱؒ࣌൓సରশੑΛͭ࣋ Ͱ͸ܥݩ࣍2 XG
BS ͸ৗʹ Z2

ͱ͍͏ϑΝΫλʔΛؚΉɻ

3.3.5. ϛϥʔνϟʔϯ਺

өରশੑMzڸʹ൓సରশੑͷ୅ΘΓؒ࣌ : (x, y, z) *→
(x, y,−z)ΛԾఆͯ͠ΈΑ͏ɻMz ͸೾਺Λม͑ͳ͍ͨΊɺ

Uk⃗(Mz)͸ BZͷ֤఺ͰHk⃗ͷରশੑͱͳΔɻ͕ͨͬͯ͠Ұ

ൠੑΛࣦ͏͜ͱͳ͘

Hk⃗ =

(
H(+)

k⃗
0

0 H(−)

k⃗

)
, (121)

Uk⃗(Mz) = i

(
+ 0

0 −

)
(122)

ͱϒϩοΫର֯ԽͰ͖ΔɻͦͷͨΊH(ξ)

k⃗
(ξ = ±)ͷͦΕͧ

Εʹରͯ͠νϟʔϯ਺ C(ξ)Λఆٛ͢Δ͜ͱ͕ՄೳͰɺ͜Ε
172n ྻߦͷ൓ରশݩ࣍ a (aji = −aij ; 1 ≤ i, j ≤ 2n) ʹରͯ͠ɺύ
ϑΟΞϯ͸ Pf[a] ≡ 1

2nn!

∑
σ∈S2n

sgn(σ)aσ1σ2aσ3σ4 · · · aσ2n−1σ2n ͱ
ఆٛ͞ΕΔɻͨͩ͠ S2n ͸ 2n ΒͳΔू߹Ͱ͋ΔɻύϑΟΞ͔׵ͷஔ࣍
ϯͱࣜྻߦͷؒʹ͸ det[a] = Pf[a]2 ͱ͍͏͕ؔ͋܎Δɻ

18Ұൠʹ a ͕൓ରশྻߦͷͱ͖ wawT ΋൓ରশྻߦͰɺPf[wawT ] =
det[w]Pf[a].
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Β͸Ұൠʹϛϥʔνϟʔϯ਺ (mirror Chern number)ͱݺ

͹ΕΔɻؒ࣌൓సରশੑͷ΋ͱͰ͸ C = C(+) +C(−)͸ 0

Ͱͳ͚Ε͹ͳΒͳ͍͕ɺC(+) = −C(−) ͸೚ҙͷ੔਺஋Λ

औΓಘΔɻ͜ͷ৔߹ɺC(ξ) ͷحۮ͸ νxy ͱҰக͢Δɻ

өରশੑMzڸ ʹՃ͑ͯ nճճసରশੑ Cnz ΋Ծఆ͢Δ

ͱɺUk⃗(Cnz)͸ Uk⃗(Mz)ͱަ͠׵

Uk⃗(Cnz) =

(
U (+)

k⃗
(Cnz) 0

0 U (−)

k⃗
(Cnz)

)
(123)

ͱϒϩοΫର֯Խ͞ΕΔɻ͢Δͱߴରশ೾਺ʹ͓͚Δճస

ରশੑͷݻ༗஋Λ༻͍ͯ C(ξ) Λmod nͰܾఆ͢Δ͜ͱ͕

Ͱ͖ΔͨΊɺXG
BS = (Zn)2 ͱͳΔɻ

ಛʹڸөରশੑMz ͱؒ࣌൓సରশੑ Tɺ͞Βʹ 2ճճ

సରশੑ C2z ͕͋Δ৔߹͸ɺI = MzC2z ʹΑΓ

(−1)νxy =
∏

k⃗∈K2D

ζ(ξ)
k⃗

(C2z) =
∏

k⃗∈K2D

ζ(ξ)
k⃗

(I) (124)

ͱͳΓɺξ = ±ͷͲͪΒ͔ҰͭͷηΫλʔͰͨ͠ࢉܭ൓స
ରশੑͷݻ༗஋ͷੵ͕ νxyΛ༩͑Δɻ͜Ε͸ڸөରশੑMz

ΛԾఆͨ͠৔߹ͷ (125)ࣜʹଞͳΒͳ͍ɻ

Ҏ্ɺ2ݩ࣍ͷ֤छτϙϩδΧϧ૬ͱ઎༗όϯυ͕ͭ࣋

খ܈ͷදݱͱͷؔ܎ʹ͍ͭͯɺFu-KaneެࣜͳͲ͜Ε·Ͱ

஌ΒΕ͍ͯͨ݁Ռ͕ରশੑࢦඪͷํ๏ʹؚ·Ε͍ͯΔ͜ͱ

Λ͖ͨͯݟɻ͜Ε͚ͩͰ͋Ε͹طଘͷ݁Ռͷম͖௚͠Ͱ͋

Δ͕ɺରশੑࢦඪͷํ๏ʹΑΔҰൠతͳऔΓѻ͍Λ௨ͯ͠

ॳΊͯ໌Β͔ʹͳͬͨ৽͍͠τϙϩδΧϧ૬΋͋Δɻ͜Ε

ʹ͍ͭͯ͸࣍અͰղઆ͢Δ͜ͱʹ͢Δɻ

4. ৽͍͠τϙϩδΧϧ૬΁ͷԠ༻

ຊઅͰ͸͜Ε·Ͱٞ࿦͖ͯͨ͠ରশੑࢦඪͷํ๏Λʮߴ

τϙϩδΧϧઈԑମʯ΍ʮ੬ऑͳτϙϩδΧϧઈԑମʯ࣍

ͱ͍ͬͨ৽͍͠τϙϩδΧϧ૬΁ͱԠ༻͢Δɻ

4.1. ۭؒ൓సରশੑΛͭ࣋ τϙϩδΧϧઈԑମݩ࣍3

4.1.1. ۭؒ൓సରশੑͷݻ༗஋ʹΑΔ෼ྨ

ۭؒ൓సରশੑͱؒ࣌൓సରশੑΛݩ࣍ࡾͭ࣋ͷిܥࢠ

Λ͑ߟΔɻ͜ͷରশੑʹରͯ͠͸ 3.1.5અͰٞ࿦ͨ͠ରশ

ඪࢦੑ XG
BS ͸ (Z2)3 × Z4 ͱͳΔɻ͜ͷ݁ՌͷҙຯΛཧղ

͢Δͷ͕ຊઅͷ໨తͰ͋Δɻ

Ίͷ࢝ 3ͭͷ Z2ͱ͍͏ϑΝΫλʔ͸ ͷݩ࣍2 Z2τϙϩ

δΧϧઈԑମΛ తʹੵ૚͢Δ͜ͱͰಘΒΕΔऑ͍τݩ࣍3

ϙϩδΧϧઈԑମ (weak topological insulator)Λද͢ɻ۩

ମతʹٞ࿦͢ΔͨΊɺ͜ ͜Ͱ΋ a⃗x = (a, 0, 0), a⃗y = (0, a, 0),

a⃗z = (0, 0, a)ͱ͢Δɻkz = 0ͱ kz = πͷ ໘ʹͦΕݩ࣍2

ͧΕ (125)ࣜͷ Fu-Kaneެࣜ

(−1)νxy =
∏

k⃗∈K2D

ζ ′
k⃗
(I) (125)

ʢζ ′
k⃗
(I)͸֤ΫϥϚʔεର͔Βยํ͚ͩΛબΜͰͦͷ I ͷݻ

༗஋ͷੵΛͱͬͨ΋ͷʣΛద༻͢Δͱɺz ૚͞ੵʹ޲ํ࣠

Εͨऑ͍τϙϩδΧϧ૬Ͱ͸ ν(kz=0)
xy = ν(kz=π)

xy = +1 mod

2ͱͳΔɻಉ͜͡ͱ͕ x࣠ɺy࣠ʹ΋੒ཱ͢Δɻ

ʹͷZ4ͱ͍͏ϑΝΫλʔ͸ਅޙ࠷ తͳτϙϩδʔݩ࣍3

ͱؔ͢܎Δɻ͜ΕΛཧղ͢ΔͨΊʹ

κ1 ≡ 1

4

∑

k⃗∈K3D

(n+

k⃗
− n−

k⃗
) mod 4 (126)

ͱ͍͏ྔΛಋೖ͠Α͏18)ɻ͜͜ͰK3D͸ 8ͭͷؒ࣌൓సର

শͳ೾਺ͷू߹ʢਤ 4(a)ͷཱํମͷ௖఺ʣΛද͢ɻ͜Ε͸

઎༗όϯυͷͭ࣋൓సରশੑͷݻ༗஋ͷʢੵͰ͸ͳ͘ʣ࿨

Λ 1/4Ͱׂͬͨ΋ͷͰ͋Δɻ͜ΕΒͷྔΛ༻͍ͯɺXG
BS =

(Z2)3×Z4ͷݩ͸Ұൠʹ (ν(kx=0)
yz , ν

(ky=0)
zx , ν(kz=0)

xy ,κ1)ͱॻ

͘͜ͱ͕Ͱ͖Δɻ

κ1 ͷҙຯΛ୳ΔͨΊʹɺ·ͣ࣍ͷؔࣜ܎ʹ஫ҙ͢Δɻ

(−1)κ1 =
∏

k⃗∈K3D

ζ ′
k⃗
(I) = (−1)ν

(kz=0)
xy (−1)ν

(kz=π)
xy (127)

Ծʹ κ1͕ح਺Ͱ͋Δͱ͢Δͱɺkz = 0ͱ kz = πͷೋͭͷ

໘Ͱͷ Z2਺ νxy ଄ߏతʹඇࣗ໌ͳݩ࣍ͳΔͨΊɺ3ʹٯ͕

Λͭ࣋τϙϩδΧϧ૬͕࣮ݱͰ͖͍ͯΔ͜ͱ͕෼͔Δʢਤ

4(b)ʣɻ͜Ε͸ؒ࣌൓సରশੑʹΑͬͯकΒΕ͍ͨڧτϙϩ

δΧϧઈԑମ (strong topological insulator)Ͱ͋Γɺ(127)

ࣜ͸·͘͞͠ ൛ͷFu-KaneެࣜͰ͋Δɻ͠ݩ࣍3 ͔͠ (126)

ࣜͷ κ1 ͸mod 4Ͱఆٛ͞ΕΔͨΊɺ࿩͸͜ΕͰऴΘΓͰ

͸ͳ͍ɻҎԼʹݟΔΑ͏ʹɺ࣮͸ (0, 0, 0, 2)ʹଐ͢Δ૬͸ 1

τϙϩδΧϧ࣍ߴతͳΪϟοϓϨεද໘ঢ়ଶΛ༗͢Δݩ࣍

ઈԑମ (higher-order topological insulator)Ͱ͋Δ18)ɻ

τϙϩδΧϧઈԑମͷྫ ۭؒ൓సରশੑΛͭ࣋ ݩ࣍3 Z2

τϙϩδΧϧઈԑମͷྫͱͯ͠ɺ࣍ͷ 4όϯυ໛ܕΛٞ࿦

͠Α͏ɻ

Hk⃗ =
∑

I=x,y,z

τxσIt sin kIa+ τzσ0t
(
m−

∑

I=x,y,z

cos kIa
)
.

(128)

͜ͷ໛ܕͰۭؒ൓సରশੑ͸ Uk⃗(I) = τzσ0ɺؒ࣌൓సରশ

ੑ͸ U(T ) = −iτ0σy ͱද͞ݱΕΔɻؒ࣌൓సෆมͳ೾਺

K3Dʹ͓͚ΔϑΣϧϛ໘ҎԼ 2όϯυͷۭؒ൓సରশੑͷ

਺ʹண໨͢Ε͹Α͍ɻ܎ͷ߲ͷޙ࠷༗஋Λௐ΂Δʹ͸ɺݻ

1 < m < 3ͷͱ͖m−
∑

I=x,y,z cos kIa͸ k⃗ = (0, 0, 0)ͷ

1఺ͰͷΈෛͱͳΓɺ࢒Γͷ 7఺Ͱਖ਼ͱͳΔʢਤ 4(b)ʣɻҰ

ํ 3 < mͰ͸ 8ͭશͯͷ೾਺Ͱਖ਼Ͱ͋Δʢਤ 4(c)ʣɻͨ͠

͕ͬͯ (ν(kx=0)
yz , ν

(ky=0)
zx , ν(kz=0)

xy ,κ1)͸ 1 < m < 3ͷͱ͖

(1, 1, 1, 3)ɺ3 < mͷͱ͖ (0, 0, 0, 0)ͱͳΔɻ

4.1.2. τϙϩδΧϧઈԑମͷද໘ঢ়ଶ

લઅͷྫͷ 1 < m < 3ͷ૬ͱ 3 < mͷ૬ͷؒͷ քݩ࣍2

໘ʹݱΕΔද໘ঢ়ଶΛɺ3.3.3અͱಉ͡ํ๏Ͱղੳ͠Α͏ɻ

͍·๏ઢϕΫτϧΛ n̂ͱ͢Δฏ໘Λ͑ߟɺδmxn = m − 3

͕ xn ≡ n̂ · x⃗ = LͷલޙͰ −m0 ͔Β +m0 (0 < m0 < 2)
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ਤ 4 (a)–(d): ݻ൓సରশੑͷͭ࣋൓సෆมͳ೾਺ͱ઎༗όϯυͷؒ࣌
༗஋ɻ(e): 1 < m < 3 ͷ૬ͱ 3 < m ͷ૬ͷք໘ɻ(f): τϙϩδΧ࣍ߴ
ϧઈԑମͷྫɻ੺৭ͷԁ͕ϔϦΧϧ୺ঢ়ଶΛද͢ɻ

΁ͱมԽ͢Δͱ͢Δʢਤ 4(e)ʣɻk⃗ = knn̂ + k⃗∥ ʹ͍ͭͯઢ

Խ͞ΕͨϋϛϧτχΞϯΛܕ n̂ํ޲ʹͷΈ࣮ۭؒʹ໭͢ͱ

Hn̂,⃗k∥,xn
= −itaτxσ⃗ · n̂∂xn + taτxσ⃗ · k⃗∥+τzσ0tδmxn (129)

ͱͳΔɻ͜Εʹνϟʔϯઈԑମͷͱ͖ͱಉ༷ͷղੳΛ͏ߦͱ

Heff
n̂,⃗k∥

= tak⃗∥ × n̂ · σ⃗ (130)

ͱ͍͏ද໘ঢ়ଶΛهड़͢Δ༗ޮ໛͕ܕಘΒΕΔɻ͜ͷ༗ޮ

໛ܕ΋ؒ࣌൓సରশੑΛอ͓ͬͯΓɺU eff(T ) = −iσy ʹର

ͯ͠

U eff(T )(Heff
n̂,⃗k∥

)∗ = Heff
n̂,−k⃗∥

U eff(T ) (131)

͕੒ཱ͢Δɻ͜ͷରশੑͷͨΊʹ࣭ྔ߲Mn̂n̂ · σ⃗ΛؚΊΔ͜
ͱ͸͞ࢭېΕ͓ͯΓɺHeff

n̂,⃗k∥
͸ εn̂,⃗k∥

= ±ta|⃗k∥|ͱ͍͏σΟ
ϥοΫܕ෼܎ؔࢄΛͭ࣋ΪϟοϓϨεද໘ঢ়ଶΛهड़͢Δɻ

͜ͷද໘༗ޮ໛ܕ͸ؒ࣌൓సରশੑ͚ͩͰͳ͘

Heff
n̂,⃗k∥

= Heff
−n̂,−k⃗∥

(132)

Λຬ͍ͨͯ͠Δ͜ͱʹ஫ҙ͢Δɻ͜Ε͸ +n̂Λ๏ઢͱ͢Δ

ද໘ͱ −n̂Λ๏ઢͱ͢Δද໘͕ۭؒ൓సରশੑͰ݁ͼͭ͘

͜ͱΛ͍ࣔͯ͠Δɻ֤ද໘ΛݸผʹΈΔͱۭؒ൓సରশੑ

͸ഁΕ͍ͯΔ͕ɺਤ 4(f)ͷΑ͏ʹۭؒ൓సରশੑΛอͭΑ

͏ʹ༗ܥݶΛ੾Γग़͢ͱɺද໘શମͱͯ͠͸ۭؒ൓సରশ

ੑ͕อͨΕΔͷͰ͋Δɻ

4.1.3. (0, 0, 0, 2)૬ͷද໘ঢ়ଶ

͜ͷ (1, 1, 1, 3) ૬ΛʮೋͭॏͶͨʯઈԑମΛ͑ߟΑ͏ɻ

ΑΓਖ਼֬ʹ͸ɺ(128) ࣜͷ Hk⃗ Λ 2 ͭର֯ʹฒ΂ͯ H ′
k⃗
=

Hk⃗⊕Hk⃗ = Hk⃗⊗λ0ʢλ΋ σͱಉ༷ʹύ΢ϦྻߦΛද͢ͱ͢

Δʣͱ͠ɺ઎༗όϯυͱඇ઎༗όϯυͷ਺ΛͦΕͧΕഒʹ͢

Δɻ͢Δͱ઎༗όϯυͷ൓సରশੑͷݻ༗஋±1ͷ਺͸୯ʹ

ഒͱͳΔͨΊɺ(ν(kx=0)
yz , ν

(ky=0)
zx , ν(kz=0)

xy ,κ1) = (1, 1, 1, 3)+

(1, 1, 1, 3) = (0, 0, 0, 2)ͱͳΔʢਤ 4(d)ʣɻ͜ ͷঢ়ଶͷද໘Λ

͸ܕड़͢Δ༗ޮ໛ه (Heff
n̂,⃗k∥

)′ = Heff
k⃗

⊕Heff
k⃗

= tak⃗∥× n̂ · σ⃗λ0
Ͱ༩͑ΒΕΔɻ

τϙϩδΧϧઈԑମ͸͍ڧ൓సରশੑʹकΒΕΔؒ࣌ Z2

Ͱ෼ྨ͞ΕΔɻ͜ͷ࣮ࣄ͸ɺHeff
n̂,⃗k∥
୯ମʹ͸࣭ྔ߲ΛؚΊ

Δ͜ͱ͸Ͱ͖ͳ͍͕ɺ͜ΕΛೋͭॏͶͨ (Heff
n̂,⃗k∥

)′ = Heff
k⃗

⊕
Heff

k⃗
ʹ͸࣭ྔ߲ Mn̂n̂ · σ⃗λy ΛೖΕΒΕΔ͜ͱ͔ΒཧղͰ

͖Δɻ࣮͜ࡍͷ߲ΛؚΊͯ΋ؒ࣌൓సରশੑ U eff(T )′ =

−iσyλ0 ͸ഁΕͳ͍͕ɺද໘ঢ়ଶͷ෼܎ؔࢄʹ͸ εn̂,⃗k∥
=

±
√
(ta|⃗k∥|)2 +M2

n̂ ͷΑ͏ʹΪϟοϓ͕։͘ɻ

͔ۭؒ͠͠൓సରশੑΛཁ͢ٻΔ৔߹͸׬શʹΪϟοϓ

Λ։͚Δ͜ͱ͸Ͱ͖ͳ͍ɻͳͥͳΒ (132)ࣜͷؔ܎Λอͭ

ͨΊʹ͸ɺ࣭ྔ߲ͷ܎਺͕

M−n̂ = −Mn̂ (133)

Λຬͨ͞ͳ͚Ε͹ͳΒͣɺMn̂ ͷ஋͕ਖ਼͔Βෛ΁ͱมԽͱ

͜ΖͰඞͣMn̂ = 0ͱͳΔ తͳυϝΠϯ΢Υʔϧ͕ݩ࣍1

ੜͣΔ͔ΒͰ͋Δ18, 19)ɻ͜ͷυϝΠϯ΢Υʔϧʹ͸ ݩ࣍2

Z2τϙϩδΧϧઈԑମͷΑ͏ʹ ͷϔϦΧϧ୺ঢ়ଶ͕ݩ࣍1

ΕΔʢਤݱ 4(f)ͷ੺ԁʣɻ3ݩ࣍όϧΫͷද໘ʹ తͳݩ࣍1

ΪϟοϓϨεྭىঢ়ଶΛͨͭ࣋Ίɺ͜Ε͸࣍ߴτϙϩδΧ

ϧઈԑମͷྫͰ͋Δɻ

4.1.4. Ұ༷࣓৔ԼͷτϙϩδΧϧઈԑମ

͍ڧͷݩ࣍τϙϩδΧϧઈԑମͷྫ͸ɺ3࣍ߴͷݩ࣍3

τϙϩδΧϧઈԑମʹҰ༷࣓৔Λ͔͚ͯ΋࡞Δ͜ͱ͕Ͱ͖

Δɻؒ࣌൓సରশੑ͕ഁΕΕ͹ (130)ࣜͷHeff
n̂,⃗k∥
ʹ࣭ྔ߲

Mn̂n̂ · σ⃗ ΛՃ͑Δ͜ͱ͕Ͱ͖Δ͕ɺۭؒ൓సରশੑͱ੔߹
͢ΔͨΊʹ͸΍͸Γ (133)͕ࣜຬͨ͞Εͳ͚Ε͹ͳΒͳ͍ɻ

͜ͷ৔߹ɺMn̂ = 0ͱͳΔ ʹతͳυϝΠϯ΢Υʔϧݩ࣍1

͸ ΕΔɻݱνϟʔϯઈԑମͷΑ͏ʹΧΠϥϧ୺ঢ়ଶ͕ݩ࣍2

࣮͸͜ͷ τϙϩδΧϧઈԑମ͸࣍ߴݩ࣍3 νϟʔϯݩ࣍2

ઈԑମ΁ͱஅ೤઀ଓͰ͖Δ20)ɻ

4.2. ͷ੬ऑͳτϙϩδΧϧઈԑମݩ࣍2

͜͜·Ͱ͸ XG
BS = {BS}G/{AI}G ͷඇࣗ໌ͳ஋ʹରԠ

͢ΔઈԑମΛ͖ͨͯ͑ߟɻ͜ΕΒͷτϙϩδΧϧઈԑମ͸

νϟʔϯ਺΍ Z2 ෆมྔͱ͍͏Ճ๏తͳτϙϩδΧϧ਺Λ

༗͍ͯͨ͠ɻՃ๏తͳτϙϩδΧϧ਺͸ɺఆٛʹΑΓɺݪ

ͷઈԑମͱॏͶ߹Θͤͯ΋஋Λม͑ͳ͍ɻݶۃࢠ

͜͜Ͱ͸ٯʹɺXG
BS ͰݟΔͱࣗ໌͕ͩ

b⃗ /∈ {AI}G≥0 (134)

Ͱ͋Δط໿දݱͷ૊Έ߹Θͤ b⃗ ∈ {BS}G≥0 Λͭ࣋ઈԑମΛ

Α͏ɻ͜ͷ৔߹ɺ͋Δ͑ߟ a⃗ ∈ {AI}G≥0 ͕ଘͯ͠ࡏ

b⃗+ a⃗ ∈ {AI}G≥0 (135)

ͱͳΒͳ͚Ε͹ͳΒͳ͍ɻ(134)ɺ(135)ࣜʹΑΕ͹ɺ͜ͷ

ઈԑମͦΕࣗମ͸ରԠ͢Δ͕ݶۃࢠݪଘ͠ࡏͳ͍ͨΊඞͣ

ඇࣗ໌ͳτϙϩδʔΛ༗͢Δ͕ɺద౰ͳݶۃࢠݪͷઈԑମ
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ΛॏͶ߹ΘͤΔ͚ͩͰτϙϩδΧϧʹࣗ໌ʹͳΔՄೳੑ͕

͋ΔɻҰൠʹɺݶۃࢠݪΛ૊Έ߹ΘͤΔ͚ͩͰࣗ໌ʹͳͬ

ͯ͠·͏τϙϩδΧϧઈԑମΛʮ੬ऑͳτϙϩδΧϧઈԑ

ମʯͱݺͿ?)ɻ੬ऑͳτϙϩδΧϧઈԑମ͕ͭ࣋Ճ๏తͳτ

ϙϩδΧϧ਺͸શͯࣗ໌Ͱ͋Δɻ

ྫ ۭؒ൓సରশੑΛͭ࣋઎༗όϯυ਺ ν = 2 ͷ 2 ݩ࣍

ͷόϯυઈԑମΛ͑ߟΑ͏ɻ͍·ؒ࣌൓సରশ೾਺K2D =

{Γ, X, Y,M}ʹ͓͚Δ઎༗όϯυͷ൓సରশੑͷݻ༗஋͕ɺ
M = (π,π)Ͱ͸ೋͭڞ −1ɺ࢒Γͷ 3఺Ͱ͸ೋͭڞ +1Ͱ

͋Δͱ͠Α͏ɻ͢ͳΘͪ

b⃗ = (n+
Γ , n

−
Γ , n

+
X , n−

X , n+
Y , n

−
Y , n

+
M , n−

M )

= (2, 0, 2, 0, 2, 0, 0, 2) ∈ {BS}G≥0 (136)

Ծʹؒ࣌൓సରশੑ΋͋Δ৔߹ʹ͸ɺFu-Kaneެࣜ (125)

ʹΑΔͱ͜ͷ b⃗͸ ݩ࣍2 Z2 τϙϩδΧϧઈԑମʹରԠ͠

͍ͯΔ͜ͱ͕෼͔Δɻ͔͠͠ࠓ͸ؒ࣌൓సରশੑΛԾఆ͠

͍ͯͳ͍ͷͰɺZ2ෆมྔ͸ఆٛͰ͖ͳ͍ɻ͔࣮͠͠͸͜ͷ

b⃗ʹ͍ͭͯ͸ (134)͕ࣜ੒ཱ͓ͯ͠Γɺۭؒ൓సରশੑͷԾ

ఆͷݩͰ͸೗ԿͳΔݶۃࢠݪʹ΋݁ͼ͔ͭͳ͍ɻ͜ͷ b⃗ͱ

Ұக͢Δۭؒ൓సରশੑͷදݱΛͭ࣋ઈԑମͷྫ͸ɺΧΰ

ϝ֨ࢠʹ७ڏ਺ͷඈͼҠΓੵ෼Λಋೖ͢Δ͜ͱͰ࣮͢ݱΔ

͜ͱ͕Ͱ͖Δ10, 21)ɻ

͜͜ʹ

a⃗ = (1, 0, 0, 1, 0, 1, 1, 0) ∈ {AI}G≥0 (137)

ΛՃ͑ͨ b⃗+ a⃗ = (3, 0, 2, 1, 2, 1, 1, 2)͸ {AI}G≥0ʹଐ͍ͯ͠

Δ͜ͱΛࣔ͢͜ͱ͕Ͱ͖Δɻจ10ݙ)Ͱ͸ɺ͜ͷΧΰϝ֨ࢠ

ͷ໛ܕͷ৔߹ʹɺݶۃࢠݪΛՃ͑ͨޙͷઈԑମͰ͸ʢදݱ

ͷ૊Έ߹Θ͕ͤࣗ໌ʹͳΔ͚ͩͰͳ͘ʣτϙϩδʔ͕׬શ

ʹࣗ໌ʹͳΔ͜ͱΛϫχΤيಓΛ͋ΒΘʹߏ੒͢Δ͜ͱͰ

ࣔͨ͠ɻͭ·Γݩͷઈԑମ͸੬ऑͳτϙϩδΧϧઈԑମͰ

͋ͬͨͱ͍͏͜ͱͰ͋Δɻ·ͨ૬࡞ޓ༻ͳͲ͕ՃΘۭͬͯ

ؒ൓సରশੑͷݻ༗஋͕೾਺ۭؒʹఆٛͰ͖ͳ͘ͳͬͨ৔

߹Ͱ΋ɺྭىΪϟοϓΛดͨ͡Γۭؒ൓సରশੑΛഁͬͨ

Γ͠ͳ͍ݶΓ͜ͷ੬ऑͳઈԑମ͕҆ఆʹอͨΕΔ͜ͱΛࣔ

ͨ͠ɻ

5. ʹޙ࠷

ͷ౎߹্ɺୈؒ࣌఺Ͱͷ४උ࣌ݱͨ·໘ͷ౎߹্ɺࢴ 4

અ͕৲੾ΕτϯϘʹͳͬͯ͠·͕ͬͨɺ࣮ࡍͷٛߨ·Ͱʹ
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