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ai (i = 1, 2, . . . ) a†i[
ai, a

†
j

]
= δij , [ai, aj ] =

[
a†i , a

†
j

]
= 0

a a |0〉 = 0 |0〉 a |0〉 a†

|n1, n2, . . .〉 =
∏
i

1√
ni!

(
a†i
)ni |0〉

|n1, n2, . . .〉

〈m1,m2, . . .|n1, n2, . . .〉 =
∏
i

δmini
,

∑
n1,n2,...

|n1, n2, . . .〉〈n1, n2, . . .| = 1

|n1, n2, . . .〉 |n〉 {|n〉} H
H O

O =
∑
mn

|m〉〈m|O|n〉〈n| =
∑
mn

Omn |m〉〈n| (Omn = 〈m|O|n〉)

{|m〉〈n|} O

H H̄ H̄ H̄ A,B
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(A,B)H̄ =
[
A†B

] (
A,B ∈ H̄)

H̄ H̄ {|m〉〈n|}

(|m〉〈n| , |m′〉〈n′|)H̄ =
∏
i

δmim′
i
δnin′

i
,

∑
m,n

|m〉〈n| (|m〉〈n| , •)H̄ = I • (I )

H̄ A → |A⟫ , |m〉〈n| → ||m〉〈n|⟫ = |m,n⟫

⟪m,n|m′, n′⟫ = ∏
i

δmim′
i
δnin′

i
,

∑
m,n

|m,n⟫⟪m,n| = I

H̄ H̄ ǎi

ãi

ǎi |m,n⟫ = |ai |m〉〈n|⟫
ãi |m,n⟫ = ∣∣∣|m〉〈n| a†i⟫

ǎi ãi ǎ†i ã†i

⟪m,n| ǎ†i = ⟪ai |m〉〈n||
⟪m,n| ã†i = ⟪|m〉〈n| a†i

∣∣∣

ǎ†i |m,n⟫ = ∣∣∣a†i |m〉〈n|⟫
ã†i |m,n⟫ = ||m〉〈n| ai⟫

ǎi, ǎ
†
i , ãi, ã

†
i[

ǎi, ǎ
†
j

]
=

[
ãi, ã

†
j

]
= δij , ( ) = 0

A(a, a†) =
∑
m,n

Cmn

(
a†
)m

(a)
n

(Cmn )
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A B |B⟫
AB

|AB⟫ =
∣∣∣∣∣
∑
m,n

Cmn

(
a†
)m

(a)
n
B⟫ =

∑
m,n

Cmn

(
ǎ†
)m

(ǎ)
n |B⟫ = A(ǎ, ǎ†) |B⟫

A B A a → ǎ, a† → ǎ†

|B⟫ BA†

∣∣BA†⟫ =
∣∣∣∣∣B

∑
m,n

C∗
mn

(
a†
)n

(a)
m⟫ =

∑
m,n

C∗
mn

(
ã†
)m

(ã)
n |B⟫ = A∗(ã, ã†) |B⟫

A∗ A

(
Ǎ1Ǎ2

)∼
= Ã1Ã2(

c1Ǎ1 + c2Ǎ2

)∼
= c∗1Ã1 + c∗2Ã2(

Ǎ†
1

)∼
= Ã†

1(
Ã1

)∼
= Ǎ1

(Ǎ1, Ǎ2 c1, c2 )

A∗(ã, ã†) A(ǎ, ǎ†)

A∗(ã, ã†) =
{
A(ǎ, ǎ†)

}∼

∣∣BA†⟫ = {
A(ǎ, ǎ†)

}∼ |B⟫
A† B A(ǎ, ǎ†) |B⟫

A a, a† A ai, a
†
i (i = 1, 2, . . .)

H
|φ1〉 , |φ2〉 , · · · ∈ H {pk | 0 ≤ pk ≤ 1,

∑
k pk = 1}

ρ(t)

ρ(t) =
∑
k

pk |φk(t)〉〈φk(t)|

O(a, a†)

[Oρ] = ⟪I|Oρ⟫ = ⟪I| Ǒ |ρ⟫
Ǒ = O(ǎ, ǎ†)
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|φk〉

i
t
|φk(t)〉 = H |φk(t)〉

H a, a†

ρ(t)

i
t
ρ(t) =

∑
k

{
pk

(
i

t
|φk(t)〉

)
〈φk(t)|+ pk |φk(t)〉

(
i

t
〈φk(t)|

)}

= H

(∑
k

pk |φk(t)〉〈φk(t)|
)

−
(∑

k

pk |φk(t)〉〈φk(t)|
)
H†

= Hρ(t)− ρ(t)H†

i
t
|ρ(t)⟫ = |Hρ(t)⟫− ∣∣ρ(t)H†⟫

= Ȟ |ρ(t)⟫− H̃ |ρ(t)⟫
Ȟ H a → ǎ, a† → ǎ†

H̃ Ĥ

Ĥ ≡ Ȟ − H̃

i
t
|ρ(t)⟫ = Ĥ |ρ(t)⟫

ρ0

|ρ0⟫

β ρ0

ρ0 =
e−βH

Z
, Z =

[
e−βH

]
, H = ωa†a

|ρ0⟫ = ∑
m,n

|m,n⟫⟪m,n|ρ0⟫ = (1− f)
∑
m

fm |m,m⟫
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f f = e−βω

Oμ =

(
Ǒ

Õ†

)μ

, Ōν =
(
Ǒ† −Õ

)ν
ξμ, ξ̄ν

ξμ = Bμν
n aν , ξ̄ν = āμB−1,μν

n

Bμν
n =

(
1 + n −n
−1 1

)μν

, B−1,μν
n =

(
1 n
1 1 + n

)μν (
n =

f

1− f

)

μ ν

ξμ |ρ0⟫ = 0, ⟪I| ξ̄ν = 0[
ξμ, ξ̄ν

]
= δμν , [ξμ, ξν ] =

[
ξ̄μ, ξ̄ν

]
= 0

⟪I| , |ρ0⟫
⟪I| , |ρ0⟫ 〈0| , |0〉

〈0| , |0〉
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H Ha HR

HaR

H = Ha +HR + λHaR

λ ρ(t)

i
t
|ρ(t)⟫S = Ĥ |ρ(t)⟫S

Ĥ = Ȟ − H̃
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S

|ρ(t)⟫S = e−iĤ0t |ρ(t)⟫I
Ĥ0 = Ĥa + ĤR

I

i
t
|ρ(t)⟫I = λĤaR(t) |ρ(t)⟫I

t0 |ρ(t)⟫I
|ρ(t)⟫I = U(t, t0) |ρ(t0)⟫I

U(t1, t2) =

[
−iλ

∫ t1

t2

dsĤaR(s)

]

I

P,Q

P = |ρR⟫⟪IR|
Q = 1− P

P 2 = P, Q2 = Q

|ρR⟫ ⟪IR| ⟪IR|A⟫ =
R[A] P |ρ(t)⟫

P |ρ(t)⟫ = |ρR⟫⟪IR|ρ(t)⟫ = |ρa(t)⟫⊗ |ρR⟫
|ρ(t)⟫ |ρa(t)⟫ |ρa(t)⟫

i
t
P |ρ(t)⟫ = λPĤaR(t)P |ρ(t)⟫+ λPĤaR(t)Q |ρ(t)⟫

i
t
Q |ρ(t)⟫ = λQĤaR(t)P |ρ(t)⟫+ λQĤaR(t)Q |ρ(t)⟫

G(t, t0), |ρ′(t)⟫
G(t, t0) =

[
−iλ

∫ t

t0

dsQĤaR(s)Q

]
Q |ρ(t)⟫ = G(t, t0)Q |ρ′(t)⟫

i
t
(G(t, t0)Q |ρ′(t)⟫) = λQĤaR(t)QG(t, t0)Q |ρ′(t)⟫+ G(t, t0)i

t
Q |ρ′(t)⟫

i
t
(G(t, t0)Q |ρ′(t)⟫) = i

t
Q |ρ(t)⟫ = λQĤaR(t)P |ρ(t)⟫+ λQĤaRQ |ρ(t)⟫
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i
t
Q |ρ′(t)⟫ = λG(t0, t)QĤaR(t)P |ρ(t)⟫

Q |ρ(t)⟫ = G(t, t0)Q |ρ(t0)⟫+ S(t) |ρ(t)⟫

S(t) = −iλ

∫ t

t0

dsG(t, s)QĤaR(s)PU(s, t)

P +Q = 1

Q |ρ(t)⟫ = {1− S(t)}−1{G(t, t0)Q |ρ(t0)⟫+ S(t)P |ρ(t)⟫}

i
t
(|ρa(t)⟫⊗ |ρR⟫) = λPĤaR(t){1− S(t)}−1

P |ρ(t)⟫+ λPĤaR(t){1− S(t)}−1G(t, t0)Q |ρ(t)⟫
= iK̂(t) (|ρa(t)⟫⊗ |ρR⟫) + i |I(t)⟫⊗ |ρR⟫

K̂(t) ≡ −i ⟪IR|λĤaR(t){1− S(t)}−1 |ρR⟫
|I(t)⟫ ≡ −i ⟪IR|λĤaR(t){1− S(t)}−1G(t, t0)Q |ρ(t0)⟫

Q |ρ(t0)⟫ = (1− P ) |ρ(t0)⟫ = |ρ(t0)⟫− |ρa(t0)⟫⊗ |ρR⟫
t = t0

|ρ(t0)⟫ = |ρa(t0)⟫⊗ |ρR⟫
Q |ρ(t0)⟫ = 0 |I(t)⟫ = 0 |ρa(t)⟫

i
t
|ρa(t)⟫ = iK̂(t) |ρa(t)⟫

i
t
|ρa(t)⟫S =

{
Ĥ0 + iK̂S(t)

}
|ρa(t)⟫S

K̂S(t) = e−iĤ0tK̂(t)eiĤ0t

iK̂
Ĥe,S(t) = Ĥ0 + iK̂S(t) |ρS(t)⟫S

i
t
|ρa(t)⟫S = Ĥe,S(t) |ρa(t)⟫S
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K̂(t) λ K̂(t)

λ

K̂(t) = −i

∞∑
n=0

⟪IR|λĤaR(t) {S(t)}n |ρR(t0)⟫ =
∞∑

n=1

(−iλ)nK̂(n)(t)

K̂(t) λ n K̂(n)(t) S(t)

S(t) =
∞∑

n=0

(−iλ)nS(n)(t)

S(n)(t)

S(1)(t) =

∫ t

t0

dsQĤaR(s)P

S(2)(t) =

∫ t

t0

ds

∫ t

s

ds′QĤaR(s
′)QĤaR(s)P +

∫ t

t0

ds

∫ t

s

ds′QĤaR(s)PĤaR(s
′)

K̂(n)(t)

K̂(1)(t) = ⟪IR| ĤaR(t) |ρR(t0)⟫
K̂(2)(t) = ⟪IR| ĤaR(t)S(1)(t) |ρR(t0)⟫

=

∫ t

t0

ds ⟪IR|ĤaR(t)QĤaR(s)P |ρR(t0)⟫
=

∫ t

t0

ds ⟪IR|ĤaR(t)ĤaR(s)|ρR(t0)⟫
− ⟪IR|ĤaR(t)|ρR(t0)⟫

∫ t

t0

ds ⟪IR|ĤaR(s)|ρR(t0)⟫
K̂(3)(t) = ⟪IR| ĤaR(t)

[{
S(1)(t)

}2

+ S(2)(t)

]
|ρR(t0)⟫

λ O(
λ2

)

K̂(t) = −iλ ⟪IR| ĤaR(t) |ρR(t0)⟫− λ2

∫ t

t0

dt′ ⟪IR| ĤaR(t)ĤaR(t
′) |ρR(t0)⟫

− λ2 ⟪IR| ĤaR(t) |ρR(t0)⟫
∫ t

t0

ds ⟪IR| ĤaR(s) |ρR(t0)⟫
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H = ωa†a+
∑
k

ΩkR
†
kRk +

∑
k

λ(R†
ka+ a†Rk)

a Rk λ

k

Ĥ = H − H̃ = ωāμaμ +
∑
k

ΩkR̄
μ
kR

μ
k +

∑
k

λ(R̄μ
ka

μ + āμRμ
k )

Ĥa = ωāμaμ, ĤR =
∑
k

ΩkR̄
μ
kR

μ
k , ĤaR =

∑
k

λ(R̄μ
ka

μ + āμRμ
k )

Ĥ0 = Ĥa + ĤR

ĤaR a,Rk

ξ,Ξk

ξμ = Bμν
n(t)a

ν , ξ̄ν = āμB−1,μν
n(t)

Ξμ
k = Bμν

Nk
Rν

k, Ξ̄ν
k = R̄μ

kB
−1,μν
Nk

a n(t)

n(t) ≡ ⟪I|a†(t)a(t)|ρ⟫
R

Nk

Nk ≡ ⟪IR|R†
k(t)Rk(t)|ρR⟫

ĤaR ĤaR

⟪IR| ĤaR(t) |ρR⟫

iK̂(t) = −iλ2

∫ t

t0

ds ⟪IR| ĤaR(t)ĤaR(s) |ρR⟫
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iK̂(t) = −iλ2
∑
k

∫ t

t0

ds
(
a(t)− ã†(t)

){⟪IR|R†
k(t)Rk(s) |ρR⟫ a†(s)− ⟪IR| R̃k(t)R̃

†
k(s) |ρR⟫ ã(s)

}

+
(
a†(t)− ã(t)

){⟪IR|Rk(t)R
†
k(s) |ρR⟫ a(s)− ⟪IR| R̃†

k(t)R̃k(s) |ρR⟫ ã†(s)}

⟪IR|R†
k(t)Rk(t

′) |ρR⟫ = Nke
−iΩk

(
t−t′

)

⟪IR|Rk(t)R
†
k(t

′) |ρR⟫ = (1 +Nk)e
−iΩk

(
t−t′

)

a(t′) = a(t)e−iω
(
t−t′

)

a t

iK̂(t) = −
∑
k

[
F ∗
k (t)

(
a(t)− ã†(t)

){
Nka

†(t)− (Nk + 1)ã(t)
}

+ Fk(t)
(
a†(t)− ã(t)

){
(Nk + 1)a(t)−Nkã

†(t)
}]

ξ

iK̂(t) =
∑
k

Fk(t)ξ
†(t)ξ(t)−

∑
k

F ∗
k (t)ξ̃

†(t)ξ̃(t) +
∑
k

(Fk(t)− F ∗
k (t))(n(t)−Nk)ξ

†(t)ξ̃†(t)

Fk(t) = −ig2
∫ t

t0

ds ei(ω−Ωk)(t−s)

iK̂S(t) = ie−iĤ0tK̂(t)eiĤ0t

=
∑
k

Fk(t)ξ
†ξ −

∑
k

F ∗
k (t)ξ̃

†ξ̃ +
∑
k

(Fk(t)− F ∗
k (t))(n(t)−Nk)ξ

†ξ̃†

Ĥe,S(t)

Ĥe,S(t) = Ĥ0 + iK̂S(t)

= {ω +
∑
k

Fk(t)}ξ†ξ − {ω +
∑
k

F ∗
k (t)}ξ̃†ξ̃ + 2i

∑
k

Fk(t){n(t)−Nk}ξ†ξ̃† + ĤR,S
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n

ṅ(t)

ṅ(t)

Ĥ

ĤU ĤI

Ĥ = ĤU + ĤI

ĤU = Ĥa + ĤR + δĤ − Q̂

ĤI = ĤaR − δĤ + Q̂

I
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δĤ, Q̂ δĤ

δĤ = δĤR + iδĤI

δĤR(t) = δω(t)āμaμ = δω(t)ξ̄μξμ

δĤI(t) = −γ(t)εμξ̄μξμ

εμ ε1 = 1, ε2 = −1 Q̂ n

Q̂ = iṅāμ
(
1 −1
1 −1

)μν

aν = iṅξ̄μ
(
0 1
0 0

)μν

ξν

Q̂ ξ ξ

n ξ(t) |0〉
ṅ(t), ω(t), γ(t)

aμ(t)

i
t
aμ(t) =

[
aμ(t), ĤU

]
=

[
aμ(t), Ĥa + δĤR + iδĤI − Q̂

]

ξμ = Bμν
n aν , ξ̄ν = āμB−1,μν

n

Bμν
n(t) =

(
1 + n(t) −n(t)

−1 1

)μν

, B−1,μν
n(t) =

(
1 n(t)
1 1 + n(t)

)μν

ξ(t)

i
t
ξμ(t) =

[
ξμ(t), Ĥa + δĤR + iδĤI

]
= (ω + δω − iεμγ) ξμ(t)

n(t) aμ(t) ξμ(t) Q̂

ξμ(t)

ξμ(t) = ξμe−i
∫ t ds{ω+δω(s)−iεμγ(s)}

ξ̄μ(t) = ξ̄μei
∫ t ds{ω+δω(s)+iεμγ(s)}

t

ξμ(t) |0〉 = 0

〈0| ξ̄ν(t) = 0[
ξμ(t), ξ̄ν(t)

]
= δμν

[ξμ(t), ξν(t)] =
[
ξ̄μ(t), ξ̄ν(t)

]
= 0

n(t) ξ
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a,R

Gμν(t1, t2) = −i 〈0| [aμH(t1)ā
ν
H(t2)] |0〉

Δμν(t1, t2) = −i 〈0| [aμ(t1)ā
ν(t2)] |0〉

Gμν
R (k1, t1; k2, t2) = −i 〈0|

[
Rμ

k1,H
(t1)R̄

ν
k2,H(t2)

]
|0〉

Δμν
R (k1, t1; k2, t2) = −i 〈0| [

Rμ
k1
(t1)R̄

ν
k2
(t2)

] |0〉
ξ,Ξ

gμν(t1, t2) = −i 〈0| [
ξμH(t1)ξ̄

ν
H(t2)

] |0〉
dμν(t1, t2) = −i 〈0| [

ξμ(t1)ξ̄
ν(t2)

] |0〉
gμνΞ (k1, t1; k2, t2) = −i 〈0|

[
Ξμ
k1,H

(t1)Ξ̄
ν
k2,H(t2)

]
|0〉

dμνΞ (k1, t1; k2, t2) = −i 〈0| [
Ξμ
k1
(t1)Ξ̄

ν
k2
(t2)

] |0〉
H

Gμν(t1, t2) = Δμν(t1, t2) +

∫
ds1ds2Δ

μμ′
(t1, s1)Σ

μ′ν′
(s1, s2)G

ν′ν(s2, t2)

gμν(t1, t2) = dμν(t1, t2) +

∫
ds1ds2d

μμ′
(t1, s1)S

μ′ν′
(s1, s2)g

ν′ν(s2, t2)

Σμν(t1, t2), S
μν(t1, t2) Σμν(t1, t2) Sμν(t1, t2)

Sμν(t1, t2) = Bμμ′

n(t)Σ
μ′ν′

(t1, t2)B
−1,ν′ν
n(t)

G = , Δ = , ΔR =

G

= +

+ + . . .

= + Σ

Σ

Σ =
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ĤaR

ΣĤaR,μν(t1, t2) = λ2
∑
k1k2

Δμν
R (k1, t1; k2, t2)

= −iλ2
∑
k

e−iΩk(t1−t2)

[
θ(t1 − t2)

{
1
1

}μ {
1 +Nk

−Nk

}ν

+ θ(t2 − t1)

{
Nk

1 +Nk

}μ {
1
−1

}ν]

Sμν

SĤaR,μν(t1, t2) = −iλ2
∑
k

e−iΩk(t1−t2)

×
[
θ(t1 − t2)

{
1
0

}μ {
1

n(t2)−Nk

}ν

+ θ(t2 − t1)

{
Nk − n(t1)

1

}μ {
0
−1

}ν]

S−δĤ,μν(t1, t2) = δ(t1 − t2)δμν [−δω(t1) + iεμγ(t1)]

SQ̂,μν(t1, t2) = −iδ(t1 − t2)ṅ(t1)

(
0 1
0 0

)μν

ṅ(t), ω(t), γ(t)

k0

Sμν [k0] =

∫ ∞

−∞
dτSμν(τ)eik0τ

k0 d(t) k0 d[k0] k0 = ω

Sμν [ω] =

∫ ∞

−∞
dτSμν(τ)eiωτ

k0

k0

Sμν [t, k0] =

∫ ∞

−∞
dτ [θ(τ)Sμν(t, t− τ)ei

∫ t
t−τ

ds{k0(s)}

+θ(−τ)Sμν(t+ τ, t) ei
∫ t+τ
t

ds{k0(s)}
]
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d(t1, t2) k0 d[t, k0]

k0(t) = ω + δω(t) + iγ(t)

μν(t) = Sμν [t, ω + δω(t) + iγ(t)]

=

∫ ∞

−∞
dτ [ θ(τ)Sμν(t, t− τ)ei

∫ t
t−τ

ds{ω+δω(s)+iγ(s)}

+ θ(−τ)Sμν(t+ τ, t) ei
∫ t+τ
t

ds{ω+δω(s)−iγ(s)}
]

ĤaR,μν(t) =

(∑
k Jk(t) 2i

∑
k Jk(t){n(t)−Nk}

0
∑

k J
∗
k (t)

)μν

Jk(t) = −iλ2

∫ t

t0

ds ei
∫ t
s
dτ{ω+δω(τ)+iγ(τ)−Ωk}

−δĤ,μν(t) =

(−δω(t) + iγ(t) 0
0 −δω(t)− iγ(t)

)μν

Q̂,μν(t) =

(
0 −iṅ(t)
0 0

)μν

μν(t)

12(t) = 0

11(t) = 0

11(t) = 0

ṅ(t), ω(t), γ(t)

ṅ(t) = 2
∑
k

Jk(t){n(t)−Nk}

δω(t) =
∑
k

Jk(t)

γ(t) = −
∑
k

Jk(t)

ĤU (t)

Ĥu(t) = {ω +
∑
k

Jk(t)}ξ†ξ − {ω +
∑
k

J∗
k (t)}ξ̃†ξ̃

+ 2i
∑
k

Jk(t){n(t)−Nk}ξ†ξ̃† + ĤR

δω(t) γ(t) ω

μν(t) = Sμν [t, ω] =

∫ ∞

−∞
dτ [ θ(τ)Sμν(t, t− τ)eiωτ + θ(−τ)Sμν(t+ τ, t) eiωτ

]
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ĤaR,μν(t) =

(∑
k Fk(t) 2i

∑
k Fk(t){n(t)−Nk}

0
∑

k F
∗
k (t)

)μν

Fk(t) = −iλ2

∫ t

t0

ds ei(ω−Ωk)(t−s)

−δĤ,μν(t) =

(−δω(t) + iγ(t) 0
0 −δω(t)− iγ(t)

)μν

Q̂,μν(t) =

(
0 −iṅ(t)
0 0

)μν

ĤaR,μν(t) Jk(t), Fk(t)

Ĥu(t) = {ω +
∑
k

Fk(t)}ξ†ξ − {ω +
∑
k

F ∗
k (t)}ξ̃†ξ̃

+ 2i
∑
k

Fk(t){n(t)−Nk}ξ†ξ̃† + ĤR

A

A

〈A〉 = H ⟪1|AH(t) |ρ⟫H = H ⟪1|AI(t)

[
−i

∫
dsHI(s)

]
|ρ⟫H

〈A〉 ,0 = H ⟪1|AI(t) |ρ⟫H
= H ⟪1| ei ∫ t

−∞ dsĤU (s)ASe
−i

∫ t
−∞ dsĤU (s) |ρ⟫H

= H ⟪1|ASe
−i

∫ t
−∞ dsHu(s) |ρ⟫H

〈A〉 = S ⟪1|AS |ρa(t)⟫S
= H ⟪1|ASe

−i
∫ t
−∞ dsHe,S(s) |ρa⟫H

〈A〉 ,0 = 〈A〉
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δĤ = δĤR + iδĤI

δĤR = δω(t)ξ̄μξμ

δĤI = −γ(t)εμξ̄μξμ

11(t) = 0

11(t) = 0

δĤ = δĤR = δω(t)ξ̄μξμ

11(t) = 0

Ĥu(t) = {ω +
∑
k

Fk(t)}ξ†ξ − {ω +
∑
k

F ∗
k (t)}ξ̃†ξ̃

+ 2i
∑
k

Fk(t){n(t)−Nk}ξ†ξ̃† + ĤR

∑
k Fk(t)

物性研究・電子版　Vol. 4, No. 2, 042601 （2015年5月号）《修士論文》



ξ

ξ
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