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i

N E ∝ N

*1 E ∝ N1+�

*2

E ∝ N1+�

O(N)

N∗
sum

*1 r ∼ 1/rα

*2 � ∼ 1/rα d � = α/d
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1.1

*1

Coulomb

1� 100J

*2

*3

*1 “additivity”

*2 ensemble inequivalence

[1, 2] [3]

*3

[4, 5] Hamiltonian

˜̃˜̃˜̃˜̃˜̃˜̃
[6]

[7, 8]
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2

Coulomb

*4

*5

short–range interaction long–range

interaction

—

—

1.2

L O(L3) O(L2)

*6

L

L → ∞
E ∝ L3

*4 L O(L2) O(L3)

L
*5

Lennard–Jones r

1/r6 1.3

*6 O(L2) O(L) d O(Ld) O(Ld−1)
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1.2 3

*7 *8

L3 E

E ∝ L3 L → ∞

1.1

E ∝ L3 L → ∞

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃

1.4

2.4

*7

*8
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4

1.1 ( )

1.2

Hamiltonian *9

H =
N∑
i=1

p2i
2m

+
J

2

N∑
i�=j=1

U(||qi − qj ||)
aα||ri − rj ||α

(1.1)

{ qi } , {pi } a { ri }
d α � d

U(Δq) Δq = 0

*10 U(0) = 0

i0 Δq � 1

ΔU =
J

2

N∑
j �=i0

U (2)(0)Δq2/2

aα||ri0 − rj ||α
(1.2)

N α α > d ΔU

O(1) α α < d ΔU ∈ O(Nd−α)

O(N)

1.3

α

u(ri,j) ∼
1

rαi,j
(1.3)

ri,j i j

ū :=
U

N
∼

∫
u(r)ddr ∼

∫
ddr

rα
=

∫
rd−α−1dr ∝ Ld−α + (const.) (1.4)

*9 2.1
*10

Δq = π U(Δq)
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1.4 5

*11 d L d, L V

V = Ld

(L → ∞) α > d Ld−α → 0

(ū → (const.)) α � d

Ld−α → ∞ (ū → ∞)

ū

d (α < d)

ū

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃ ( 1.2 )

1.2 ( )

( )

( ) ( )

d α < d

( )

Lennard–Jones 1/r6

(

d = 3 ) α = 6 (α > d)

( )

1.4

1.2

*11
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6

(i) Tsallis (ii) Kac

1.4.1 Tsallis

(U/N = (const.))

1.3

U/N U ∝ N

U ∝ N N∗(N) U ∝ NN∗(N)

[9] U ∝ NN∗(N)

T
˜̃˜̃

s
˜̃
a
˜̃˜

l
˜̃
l
˜̃
i
˜̃
s
˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃

Tsallis

1.3

U

N
∝ Ld−α + (const.) ∝ N1−α/d + (const.) (1.5)

N N V = Ld

U ∼ NN∗U∗ (1.6)

U∗ N *12

N∗ := N1−α/d (1.7)

( ) Tsallis

T E

*13 K = (D/2)NT D

( )

E = K + U =
D

2
NT +NN∗U∗ (1.8)

E

NN∗ =
D

2

T

N∗ + U∗ (1.9)

E ∼ NN∗E∗, T ∼ N∗T ∗ (1.10)

1.1

*12 U∗ N T
*13

(

) ( )

(cf. )
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1.4 7

1.1 Tsallis

E E ∼ NE E ∼ NN∗E∗

T T ∼ (const.) T ∼ N∗T ∗

V V ∼ NV V ∼ NV
S S(E,N) ∼ Ns(E/N) S ∼ Ns∗(E/NN∗)

F F (T,N) ∼ Nf(T ) F (T,N) ∼ NN∗f∗(T/N∗)

M M(H,N) ∼ Nm(H) M(H,N) ∼ Nm(H/N∗)

1.4.2 Kac

Tsallis

Hamiltonian Hamiltonian

Hamiltonian

H :=
N∑
i=1

p2
i

2m︸︷︷︸
K

+
1

2

N∑
i�=j=1

1

||ri − rj ||α︸ ︷︷ ︸
U

(1.11)

U N∗ := N1−α/d O(NN∗)

O(N)

H∗ :=
N∑
i=1

p2
i

2m
+

1

N∗
1

2

N∑
i�=j=1

1

||ri − rj ||α
(1.12)

Hamiltonian N∗ Hamiltonian

S∗

S∗(E,N) ∼ Ns∗(E/N) (1.13)

K
˜̃˜̃

a
˜̃˜
c
˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃

(Kac prescription) [10]

Tsallis Kac

Hamiltonian H Kac Hamiltonian H∗

W (E,N) :=

∫
Θ(E −H(Γ))dΓ (1.14)

W ∗(E,N) :=

∫
Θ(E −H∗(Γ))dΓ (1.15)

∫
dΓ *14

*14
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8

S(E,N) := lnW (E,N) (1.16)

S∗(E,N) := lnW ∗(E,N) (1.17)

H∗ W ∗(E,N)

W ∗(E,N) =

∫
Θ(E −K − U/N∗)dΓ (1.18)

=

∫
Θ(N∗E −N∗K − U)dNrdNp (1.19)

P :=
√
N∗p

W ∗(E,N) =

∫
Θ(N∗E −K − U)dNr

(√
N∗

)−Nd

dNP (1.20)

= (N∗)−Nd/2W (N∗E,N) (1.21)

S(N∗E,N) = S∗(E,N) +
ND

2
lnN∗ (1.22)

S(E,N) = S∗(E/N∗, N) +
ND

2
lnN∗ (1.23)

S∗(E,N) ∼ Ns∗(E/N)

S(E,N) ∼ Ns∗(E/NN∗) +
ND

2
lnN∗ (1.24)

*15 Tsallis

Kac

Tsallis

*15
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9

2.1

Coulomb

∼ G ·mM/r2

*1

—

—

R 1/Rα

Hamiltonian i

Ri qi(t)

pi(t)

H =

N∑
i=1

p2
i

2m
+

J

2

N∑
i�=j=1

u(qi, qj)

||Ri −Rj ||α
(2.1)

Hamiltonian α

d α � d α > d

α → ∞

*1

Hamiltonian mean field (HMF) Ising
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10

α = 0

2.2

• N

N

L N = L2

• Ri

i Ri

• d

d d = 2

• qi

i ( ) qi

qi i ( )

• D

D

α β Hamiltonian

HN :=

N∑
i=1

p2
i

2m
+ Uα

(
{ qi }Ni=1

)
+ Uβ

(
{ qi }Ni=1

)
(2.2)

Uα

(
{ qi }Ni=1

)
:=

J

2

N∑
i�=j=1

A

||Ri −Rj ||α
u(qi, qj) (2.3)

Uβ

(
{ qi }Ni=1

)
:=

J

2

N∑
i�=j=1

B

||Ri −Rj ||β
u(qi, qj) (2.4)

α < β α < d Uα Uβ

Uα Uβ

2.3

1.4.1 Tsallis N∗

Uα Uα 1/rα

N∗ = N1−α/d

Uα 	 Uβ N NC

Uα, Uβ Uα 1.3
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2.4 11

Uα 
 N

∫ L

δ

ρ
JA

rα
ddr =

ρJAΩd

d− α

(
Ld−α − δd−α

)
N =

ρJAΩdδ
d−α

d− α

(
N1−α/d − 1

)
N (2.5)

∼ ρJAΩdδ
d−α

d− α
N2−α/d (2.6)

δ ρ (

) Ωd d

Ω1 = 2,Ω2 = 2π,Ω3 = 4π, · · · ,Ωd =
2πd/2

Γ(d/2)
(2.7)

Uβ

Uβ ∼

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

ρJBΩdδ
d−β

d− β
N2−β/d β < d ( )

ρJBΩdδ
d−β

d− β
N β > d ( )

(2.8)

Uα 	 Uβ

N 	 NC :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

1

δd

(
B

A

)d/(β−α)

β < d (β )

1

δd(β−α)/(d−α)

(
B

A

)d/(d−α)

β > d (β )

(2.9)

B/A A B

B/A NC

B/A NC

2.4

Uα 	 Uβ NC

Lennard–Jones

Hamiltonian

U(r) = −Gm2

r
+ 4ε

[(σ
r

)12

−
(σ
r

)6
]

(2.10)

Lennard–Jones ( ) van der Waals

NC

Hamiltonian r−1, r−6, r−12

( ) 1/r12 NC

α = 1, β = 6, A = Gm2, B = 4εσ6

NC =
1

δ15/2

(
4εσ6

Gm2

)3/2

=: Nneon
C (2.11)
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G Lennard–Jones [11]

G = 6.67× 10−11 m3s−2kg−1 (2.12)

σ = 0.274 nm (2.13)

ε = 0.500× 10−21 J (2.14)

m =
20.18

NA
g (2.15)

NA = 6.02× 1023 (2.16)

δ 0◦C, 101.325 kPa ρ = 900 g/m3

δ =

(
m

ρ

)1/3

= 3.34 nm (2.17)

Nneon
C = 1.42× 1038 = 2.36× 1014mol (2.18)

48 *217km

*3

2.5

N∗ ∝ N1−α/d NC

NC

Lennard–Jones (

) Lennard–Jones

E ∝ N

N∗ = 1

Lennard–Jones

N∗ = 1 N∗ = N1−α/d N∗

N∗

N∗ = N1−α/d

N∗ = 1

*2

*3

物性研究・電子版　Vol. 3, No. 2 032603 （2014年5月号）《修士論文》



2.5 13
物性研究・電子版　Vol. 3, No. 2 032603 （2014年5月号）《修士論文》



物性研究・電子版　Vol. 3, No. 2 032603 （2014年5月号）《修士論文》



15

Hamiltonian

3.1

Hamiltonian

Hsd-cosh :=

N∑
i=1

p2i
2

+

N∑
i=1

q2i
2

+
1

2

N∑
i�=j=1

(
0.01

||Ri −Rj ||0.5
+

1

||Ri −Rj ||3
)
[cosh(qi − qj)− 1] (3.1)

Hsd-HMF :=
N∑
i=1

p2i
2

+
1

2

N∑
i�=j=1

(
0.01

||Ri −Rj ||1
+

1

||Ri −Rj ||3
)
[1− cos(qi − qj)] (3.2)

*1

qi cosh −∞ < qi < ∞
−π < qi < π Hamiltonian HMF

d = 2 (i)

(ii) ||Ri −Rj ||
2

1

sd–cosh sd–HMF

“sd” “slowly decaying”

3.1.1 NC

2.3 NC

(2.9) d = 2, δ = 1, A = 0.01, B = 1

NC

*1 m = 1 ||Ri −Ri+1|| = 1
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N sd-cosh
C 
 464.2


 21.5× 21.5 (3.3)

N sd-HMF
C 
 10000


 100× 100 (3.4)

128× 128

0.01 NC 128× 128

3.2

Hamiltonian

1© 2©

T Maxwell (

) ( )

vi

vi →
m−M

m+M
vi +

2M

m+M
Vi (3.5)

m,M Vi i

β Maxwell

Pr (Vi = V ) dV =

√
Mβ

2π
exp

(
−β · 1

2
MV 2

)
dV (3.6)

m = 1 M = 0.1

t = 104

—

—

3.2.1

β Maxwell

*2

*2 β Maxwell
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3.2 17

n vni *3 n+ 1 vn+1
i

Pr
(
vni → vn+1

i

)
dvn+1

i =

√
Mβ

2π
exp

(
−β · 1

2
MV (vni , v

n+1
i )2

)
dV (3.7)

vn+1
i =

m−M

m+M
vni +

2M

m+M
V (vni , v

n+1
i ) (3.8)

n fn
i (v)

fn+1
i (v) =

∫ ∞

−∞
fn
i (v

′) Pr(v′ → v)dv′ (3.9)

=

√
Mβ

2π

m+M

2M

∫ ∞

−∞
fn
i (v

′) exp

[
−β

1

2
M

(
m+M

2M

)2 (
v − m−M

m+M
v′
)2

]
dv′ (3.10)

(3.11)

Fourier

f̃n
i (κ) :=

1√
2π

∫ ∞

−∞
e−iκvfn

i (v)dv (3.12)

fn
i (v) =

1√
2π

∫ ∞

−∞
eiκv f̃n

i (κ)dκ (3.13)

f̃n+1
i (κ) =

m+M

4π

∫ ∞

−∞
dv

∫ ∞

−∞
dv′

∫ ∞

−∞
dκ′

{

e−iκv+iκ′v′
f̃n
i (κ

′) exp

[
−β

1

2
M

(
m+M

2M

)2 (
v − m−M

m+M
v′
)2

]}
(3.14)

=
1

2π

∫ ∞

−∞
dv′

∫ ∞

−∞
dκ′eiκ

′v′
f̃n
i (κ

′) exp
[
− 2Mκ2

β(m+M)2
− iκ

m−M

m+M
v′
]

(3.15)

=

∫ ∞

−∞
dκ′δ

(
κ′ − m−M

m+M
κ

)
f̃n
i (κ

′) exp
[
− 2Mκ2

β(m+M)2

]
(3.16)

= f̃n
i

(
m−M

m+M
κ

)
exp

[
− 2Mκ2

β(m+M)2

]
(3.17)

f̃n
i (κ) = f̃0

i

((
m−M

m+M

)n

κ

)
exp

[
−

n∑
l=1

2M

β(m+M)2

(
m−M

m+M

)2l−2

κ2

]
(3.18)

= f̃0
i

((
m−M

m+M

)n

κ

)
exp

[
− 1

2βm

(
1−

(
m−M

m+M

)2n
)
κ2

]
(3.19)

n

f̃∞
i (κ) = f̃0

i (0) exp

[
− κ2

2βm

]
(3.20)

=
1√
2π

exp

[
− κ2

2βm

]
(3.21)

*3 ( )
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Fourier

f∞
i (v) =

√
βm

2π
exp

[
−1

2
βmv2

]
(3.22)

β Maxwell

3.3

*4 ( )

Euler

qn+1 = qn + pnΔt (3.23)

pn+1 = pn − ∂V

∂q
(qn)Δt (3.24)

V (q,p) =
q2

2
(3.25)

n+ 1 n

H(qn+1,pn+1)−H(qn,pn) =
1

2

(
pn − ∂V

∂q
(qn)

)
(3.26)

=
1

2
(q2 + p2)Δt2 > 0 (3.27)

Δt

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃
*5

dqn ∧ dpn = dqn+1 ∧ dpn+1 (3.31)

*4 Gear Störmer–Verlet

( )

*5 Ψ(qn,pn) =

(qn+1,pn+1) Jacobi

∂Ψ :=

⎡
⎢⎢⎣
∂qn+1

∂qn

∂qn+1

∂pn

∂pn+1

∂qn

∂pn+1

∂pn

⎤
⎥⎥⎦ (3.28)

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃
(canonical structure matrix)

J :=

[
0 I
−I 0

]
(3.29)
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[12] ∧

• skew-symmetry

da ∧ db = −db ∧ da (3.32)

• bilinearity α, β ∈ R

(αda+ βdb) ∧ dc = αda ∧ dc+ βdb ∧ dc (3.33)

Hamiltonian HamiltonianHΔt = H+

O(Δt) HΔt Hamiltonian shadow Hamiltonian

O(Δt)

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃
(leapfrog method)

˜̃˜̃˜̃˜̃
Verlet
˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃(velocity Verlet method) [13]

qn+1 = qn + pnΔt− 1

2

∂V

∂q
(qn)Δt2 (3.34)

pn+1 = pn − 1

2

(
∂V

∂q
(qn) +

∂V

∂q
(qn+1)

)
Δt (3.35)

dqn+1 ∧ dpn+1 =

[
dqn +Δtdpn − 1

2
∂2
qVΔt2dqn

]

∧
[
dpn − 1

2
∂2
qVΔtdqn − 1

2
∂2
qVΔt

(
dqn +Δtdpn − 1

2
∂2
qVΔt2dqn

)]
(3.36)

= dqn ∧ dpn (3.37)

Hamiltonian *6

Hamiltonian [14]

HΔt =
p2

2m(Δt)
+

q2

2
(3.38)

m(Δt) := 1−
(
Δt

2

)2

(3.39)

Hamiltonian

Ψ

(∂Ψ)T J(∂Ψ) = J (3.30)

*6 Hamiltonian HΔt(q,p) = H+H1Δt+H2Δt2+· · · Taylor HΔt(q
n+1,pn+1; Δt) = HΔt(q

n,pn; Δt)

Taylor H1, H2, · · ·
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HΔt(q
n+1,pn+1) =

(
pn − qnΔt/2−

(
(1−Δt2/2)qn + pnΔt

)
Δt/2

)2
2
(
1− (Δt/2)2

) +

(
qn + pnΔt− qnΔt2/2

)2
2

(3.40)

=

(
(Δt3/4−Δt)qn + (1−Δt2/2)pn

)2
2
(
1− (Δt/2)2

) +

(
(1−Δt2/2)qn + pnΔt

)2
2

(3.41)

=
(pn)2

2(1− (Δt/2)2)
+

(qn)2

2
(3.42)

(3.38) Hamiltonian

1 − (Δt/2)2 Hamiltonian
˜̃˜̃˜̃˜̃˜̃˜̃

*7

Hamiltonian HΔt Hamiltonian

Hamiltonian

Euler

qn+1 = qn + pn+1Δt (3.43)

pn+1 = pn − ∂V

∂q
(q)Δt (3.44)

Δt = 0.01 107

*7

( )

( )

Hamiltonian (3.38) ( )
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4.1

Maxwell

4.1

t = 104

α

β

α β

α β

α β

4.1 sd–cosh 128 × 128

T = 1
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4.2 sd–cosh t = 105 128 × 128 T = 1

Maxwell f(v) ∝ exp(−v2/2T )

T = 1.00017± 0.00158 Maxwell

4.2

Maxwell

f(v) = a exp

(
− p2

2T

)
(4.1)

gnuplot *1

a = 652.809± 0.4388 (4.2)

T = 1.00017± 0.00158 (4.3)

T = 1 Maxwell

4.2

4.3 μ σ γ1 γ2

*1 gnuplot Levenberg–Marquardt [15, 16] [17]

物性研究・電子版　Vol. 3, No. 2 032603 （2014年5月号）《修士論文》



4.2 23

μ
σ

γ
γ

(a)

μ
σ

γ
γ

(b)

4.3 sd–cosh ( ) ( ) μ

( ) σ ( ) γ1 ( ) γ2 ( ) 128×128 T = 10

K = (1/2)NT

Maxwell μ γ1 γ2 0

0 γ2 0
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μ :=
1

N

N∑
i=1

pi (4.4)

σ :=

√√√√ 1

N

N∑
i=1

(pi − μ)2 (4.5)

γ1 :=
N−1

∑N
i=1(pi − μ)3

σ3
(4.6)

γ2 :=
N−1

∑N
i=1(pi − μ)4

σ4
− 3 (4.7)

*2 Maxwell

μ = γ1 = γ2 = 0 (4.9)

σ =
√
T (4.10)

( ) 0√
T =

√
10 
 3.16

( )

0 γ2 1.5

t = 100

4.3

Hamiltonian

U :=
1

2

N∑
i�=j=1

(
0.01

||Ri −Rj ||α
+

1

||Ri −Rj ||3
){

[cosh(qi − qj)− 1] sd-cosh

[1− cos(qi − qj)] sd-HMF
(4.11)

A ( )

0.01

||Ri −Rj ||α
(4.12)

E T

E(N,T ) 
 NN∗
asymE∗

asym

(
T

N∗
asym

)
N∗

asym := N1−α/d (4.13)

*2

β2 :=
N−1

∑N
i=1(pi − μ)4

σ4
(4.8)

γ2 = β2 − 3 γ2 Gauß

0 γ2 β2 Gauß β2 = 3
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B ( )

Ul.r. :=
1

2

N∑
i�=j=1

0.01

||Ri −Rj ||α

{
[cosh(qi − qj)− 1] sd-cosh

[1− cos(qi − qj)] sd-HMF
(4.14)

Us.r. :=
1

2

N∑
i�=j=1

1

||Ri −Rj ||3

{
[cosh(qi − qj)− 1] sd-cosh

[1− cos(qi − qj)] sd-HMF
(4.15)

Us.r. 3 d = 2

Us.r. Us.r.

Us.r.(N,T ) = NUs.r. (T ) (4.16)

Ul.r. d = 2 Ul.r.

Ul.r.(N,T ) = NN∗
indvUl.r.

(
T

N∗
indv

)
N∗

indv := N1−α/d (4.17)

C ( )

( )

N∗
sum :=

1

N

N∑
i�=j=1

(
0.01

||Ri −Rj ||α
+

1

||Ri −Rj ||3
)


 0.01C(α)N1−α/d + C(3), (4.18)

C(m) :=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

lim
N→∞

1

N

N∑
i=1

1

||Ri||m
m > d

lim
N→∞

1

NN1−m/d

N∑
i=1

1

||Ri||m
m < d

(4.19)

U(N,T ) 
 NN∗
sumU∗

sum

(
T

N∗
sum

)
(4.20)

4.3.1

A 4.4
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 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 0  0.5  1  1.5  2  2.5  3  3.5  4

E
/N

N
* as

ym

T/N*
asym

N = 16 × 16
N = 32 × 32
N = 64 × 64
N = 96 × 96

N = 128 × 128

(a) sd–cosh

 0

 0.05

 0.1

 0.15

 0.2

 0.25

 0.3

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35

E
 / 

N
N

* as
ym

T / N*
asym

N = 32 × 32
N = 64 × 64
N = 96 × 96

N = 128 × 128

(b) sd–HMF

4.4 Hsd-cosh Hsd-HMF E/NN∗
asym T/N∗

asym

N∗
asym := N1−α/d sd–cosh sd–HMF

( )
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sd–cosh ( 4.4(a)) N = 96×96 N = 128×128

(N = 16× 16, 32× 32, 64× 64)

sd–cosh N = 96× 96

sd–cosh

3.1.1 NC 
 22× 22

sd–HMF ( 4.4(b)) sd–cosh

N = 128 × 128

sd–HMF NC

NC 
 100× 100 128× 128 NC

( )

N∗
asym := N1−α/d

4.3.2

sd–cosh

4.5 Ul.r

Us.r.

sd–HMF 4.6

sd–HMF

Ul.r., Us.r.

Us.r. O(N) Us.r. ∝ N

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃
O(N)
˜̃˜̃˜̃˜̃˜̃

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃ 0

4.3.3

C N∗
sum E/NN∗

sum T/N∗
sum 4.7

sd–cosh sd–HMF

sd–HMF

4.7(b) N = 128× 128
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 0

 0.01

 0.02

 0.03

 0.04

 0.05

 0.06

 0  0.05  0.1  0.15  0.2  0.25  0.3  0.35  0.4

U
l.r

./N
N

1-
α/

d

T/N1-α/d

N = 16 × 16
N = 32 × 32
N = 64 × 64
N = 96 × 96

N = 128 × 128

(a) Ul.r.

 0

 5

 10

 15

 20

 25

 0  10  20  30  40  50  60  70  80  90  100

U
s.

r./
N

T

N = 16 × 16
N = 32 × 32
N = 64 × 64
N = 96 × 96

N = 128 × 128

(b) Us.r.

4.5 sd–cosh Ul.r. ( ) Us.r. ( )

α = 0.5 N∗
indv := N1−α/d =

N0.75 Ul.r./NN∗
indv T/N∗

indv

Us.r./N T
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 0

 0.002

 0.004

 0.006

 0.008

 0.01

 0.012

 0.014

 0.016

 0  0.02  0.04  0.06  0.08  0.1  0.12  0.14

V
l.r

. /
 N

N
1-

α/
d

T / N1-α/d

N = 32 × 32
N = 64 × 64
N = 96 × 96

N = 128 × 128

(a) Ul.r.

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 4.5

 0  1  2  3  4  5  6  7  8  9  10

U
s.

r. 
/ N

T

N = 32 × 32
N = 64 × 64
N = 96 × 96

N = 128 × 128

(b) Us.r.

4.6 sd–HMF Ul.r. ( ) Us.r. ( )

α = 0.5 N∗
indv := N1−α/d =

N0.75 Ul.r./NN∗
indv T/N∗

indv

Us.r./N T
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 0

 0.5

 1

 1.5

 2

 2.5

 3

 0  0.5  1  1.5  2  2.5  3

E
/N

N
* su

m

T/N*
sum

N = 16 × 16
N = 32 × 32
N = 64 × 64
N = 96 × 96

N = 128 × 128

(a) sd–cosh

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

 1.1

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

E
 / 

N
N

* su
m

T / N*
sum

N = 32 × 32
N = 64 × 64
N = 96 × 96

N = 128 × 128

(b) sd–HMF

4.7 sd–cosh ( ) sd–HMF ( ) N∗
sum E/NN∗

sum

T/N∗
sum
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1© A 2© B 3© C

1© 2© 3©

4.4

N∗
sum

N∗
sum

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃ Hamiltonian

N Hamiltonian N

Hamiltonian

H −→ H ′ := H +N2 (4.21)

E(T ) := E(N,T )

N
−→ E ′(T ) :=

E′(N,T )

N
= E(T ) +N (4.22)

E ′(T )

O(N)

Hamiltonian

O(N)

u(qi, qj) O(N)

Hamiltonian N

f(N) Hamiltonian

Hamiltonian

H =
N∑
i=1

p2
i

2m
+

J

2

N∑
i�=j=1

[
A

||Ri −Rj ||α
+

B

||Ri −Rj ||β
] [

u(qi, qj) + ε
]

(4.23)

ε ε

E0 :=
εJ

2

N∑
i�=j

[
A

||Ri −Rj ||α
+

B

||Ri −Rj ||β
]
=

εJ

2
N∗

sum (4.24)

N∗
sum (4.18) ε 0 0

E(N,T ; ε) = E(N,T ; ε = 0) +
εJ

2
N∗

sum (4.25)
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N∗(N) Tsallis

E(N,T ; ε) = NN∗E∗(T/N∗; ε)

NN∗E∗(T/N∗; ε) = NN∗E∗(T/N∗; ε = 0) +
εJ

2
N∗

sum (4.26)

N *3

N∗ = N∗
sum (4.27)

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃
N∗

sum

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃

4.5

N∗
sum

— —

N∗
sum

sd–cosh sd–HMF

N = 100 × 100

N∗
sum

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃N = 100× 100
˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃

N0

sd–cosh sd–HMF N0 = 50× 50

—

—

E0(T ) := E(T ;N0) (4.28)

*3 N

N N∗(N) = N∗
sum(N)

N N∗(N) = N∗
sum(N)
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E0(T )

E0(T ) = N0N
∗
sum(N0)E∗

(
T

N∗
sum(N0)

)
(4.29)

E∗
(

T

N∗
sum(N0)

)
=

E0(T )

N0N∗
sum(N0)

(4.30)

T/N∗
sum

N

E∗
(

T

N∗
sum(N)

)
=

E0

(
T

N∗
sum(N) ·N∗

sum(N0)
)

N0N∗
sum(N0)

(4.31)

NN∗
sum(N)

E(T ;N) = NN∗
sum(N)E∗

(
T

N∗
sum(N)

)
(4.32)

=
NN∗

sum(N)

N0N∗
sum(N0)

E0

(
T

N∗
sum(N)

·N∗
sum(N0)

)
(4.33)

=
NN∗

sum(N)

N0N∗
sum(N0)

E0

(
N∗

sum(N0)

N∗
sum(N)

T

)
(4.34)

sd–HMF

N0 = 64× 64

10 *4 N = 128× 128

N = 128× 128

1

N0 = 64× 64

N = 128× 128

4.8 N = 128× 128

*5

N0 = 64× 64 N = 128× 128

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃

˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃˜̃

*4 Intel Xeon E5-2670 × 2

*5 N = 128× 128

4
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4.8 sd–HMF N0 = 64× 64

N = 128× 128

N = 128 × 128
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5.1

N∗
sum

Tsallis

N∗
sum

*1 [18, 19]

5.2

Tsallis

1© N∗ = N1−α/d

2©
Us.r. Ul.r.

Us.r. ∼ N,Ul.r. ∼ N1−α/d

3© N∗
sum

*1
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5.3

5.3.1

cosh(qi − qj) cos(qi − qj)

(A/ΔRα + B/ΔRβ)

5.3.2

Coulomb

−1/r

[4]

5.1 ( )

Coulomb Hamiltonian

H =
N∑
i=1

p2
i

2m︸ ︷︷ ︸
K

+
kC
2

N∑
i�=j=1

eiej
||Ri −Rj ||︸ ︷︷ ︸
U

(5.1)

B

K = −1

2
U (5.2)



*2 K = (3/2)NT

E = K + U =
3

2
NT − 3NT = −3

2
NT (5.3)

C =
dE

dT
= −3

2
N < 0 (5.4)

�
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Coulomb

*2
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A

[20]

A.1

A.1.1

Hamiltonian *1

H =

N∑
i=1

p2i
2m

+
J

2

N∑
i�=j=1

|qi − qj |b
||Ri −Rj ||α

(A.1)

Ri i a := ||Ri −Rj || Ri

Rj ri := Ri/a m

J 1 1 d α � d

A.1.2

Hamiltonian B

K =
b

2
V (A.2)



E = K + V =
b+ 2

b
K (A.3)

( )

 〈〉 T Maxwell-Boltzmann

〈K〉 = (1/2)NT

〈E〉 = b+ 2

2b
NT (A.4)

*1
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c =
1

N

(
∂E

∂T

)
V,N

=
b+ 2

2b
(A.5)

α (α < d)

A.1.3

Ωα,b(E, V,N)

N∑
i=1

p2i
2

+
1

2aα

N∑
i�=j=1

|qi − qj |b
||ri − rj ||α

= E (A.6)

Ωα,b(E, V,N) =

[
b+ 2

2b
e−N(lnN+cα,b(N))

]
(aαE)N/bEN/2 (A.7)

b+ 2

2b
e−N(lnN+cα,b(N)) (A.8)

N∑
i=1

P 2
i

2
+

1

2

N∑
i�=j=1

|Qi −Qj |b
||ri − rj ||α

= 1 (A.9)

S(E, V,N) = N

[
b+ 2

2b
ln

E

N
+

α

bd
ln

V

N
− cα,b(N)

]
(A.10)

A.1.4

ZK =

[∫
exp

[
−β

p2

2

]
dp

]N
=

(
2π

β

)N/2

(A.11)

ZV =

∫
exp

⎡
⎣− β

2aα

N∑
i�=j=1

|qi − qj |b
||ri − rj ||α

⎤
⎦ N∏

i=1

dqi (A.12)

=

(
2aα

β

)N/b ∫
exp

⎡
⎣− N∑

i�=j=1

|qi − qj |b
||ri − rj ||α

⎤
⎦ N∏

i=1

dqi

︸ ︷︷ ︸
=: exp(−Nccanα,b (N))

(A.13)
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Z = ZKZV (A.14)

Helmholtz Φ(T, V,N) := − lnZ

Φ(T, V,N) = N

[
−b+ 2

2b
lnT − α

bd
ln

V

N
+ ccanα,b (N)

]
(A.15)

ccanα,b (N) cα,b(N)

ccanα,b (N) ∼ cα,b(N) (A.16)

A.2 Hamiltonian

Hamiltonian Hamiltonian (Hamiltonian mean field; HMF)

H =
N∑
i=1

p2i
2m

+
J

2N

∑
i,j=1

[1− cos(qi − qj)] (A.17)

J

J > 0

A.2.1

[21]

A.2.2

Hubbard–Stratonovich [22, 23]

[24]

Z = ZKZV (A.18)

ZK =

[∫
exp

[
−β

p2

2

]
dp

]N
=

(
2π

β

)N/2

(A.19)

ZV = exp

(
−βJN

2

)∫ π

−π

exp

⎛
⎝ βJ

2N

N∑
i,j=1

cos(qi − qj)

⎞
⎠ N∏

i=1

dqi

︸ ︷︷ ︸
I

(A.20)
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mi :=

[
cos qi
sin qi

]
(A.21)

cos(qi − qj) = cos qi cos qj + sin qi sin qj = mi ·mj (A.22)

I

N∑
i,j=1

cos(qi − qj) =
N∑
i=1

N∑
j=1

mi ·mj (A.23)

=

(
N∑
i=1

mi

)
·

⎛
⎝ N∑

j=1

mj

⎞
⎠ (A.24)

=

(
N∑
i=1

mi

)2

(A.25)

I

I =

∫ π

−π

exp

⎡
⎣ βJ

2N

(
N∑
i=1

mi

)2
⎤
⎦ N∏

i=1

dqi (A.26)

Hubbard–Stratonovich [22, 23]

exp

(
ax2

2

)
=

1

2πa

∫ ∞

−∞
exp

(
−y2

2a
+ x · y

)
dy (A.27)

I =
N

2πβJ

∫ π

−π

N∏
i=1

dqi

∫ ∞

−∞
dy exp

(
− N

2βJ
y2 +

N∑
i=1

mi · y
)

(A.28)

=
N

2πβJ

∫ ∞

−∞
dy exp

(
− N

2βJ
y2

) N∏
i=1

[∫ π

−π

dqi exp (mi · y)
]

(A.29)

=
N

2πβJ

∫ ∞

−∞
dy exp

(
− N

2βJ
y2

)[∫ π

−π

dq exp (||y|| cos q)
]N

(A.30)

=
N

2πβJ

∫ ∞

−∞
dy exp

(
− N

2βJ
y2

)
[2πI0(||y||)]N (A.31)

= (2π)N
N

βJ

∫ ∞

−∞
dy exp

(
− N

2βJ
y2

)
I0(y)

N (A.32)

= (2π)N
N

βJ

∫ ∞

−∞
dy exp

[
N

(
− 1

2βJ
y2 + ln I0(y)

)]
(A.33)

I0(x) Bessel

I0(x) :=
1

π

∫ π

0

exp(x cos θ)dθ (A.34)

N Laplace∫
eNf(x)dx 
 inf

x

√
2π

N |f ′′(x)|e
Nf(x) (A.35)
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I ∝ (2π)N
N

βJ
inf
y
exp

[
N

(
− 1

2βJ
y2 + ln I0(y)

)]
(A.36)

Φ(β,N) := βF (β,N) = − lnZ(β,N) O(N)

Φ(β,N) = N

[
1

2
ln(βJ) +

βJ

2
+ inf

y

(
y2

2βJ
− ln I0(y)

)]
(A.37)
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B

*1

K = −1

2

N∑
i=1

qi · Fi (B.1)

K =
∑N

i=1 p
2
i /2 

U(q1, · · · , qN ) =
a

2

N∑
i�=j=1

||qi − qj ||n+1 (B.2)

K =
n+ 1

2
U (B.3)

B.1

(virial)

G :=
N∑
i=1

qi · pi (B.4)

0

dG

dt
=

N∑
i=1

dqi
dt

· pi +
N∑
i=1

qi ·
dpi

dt
(B.5)

=

N∑
i=1

p2
i

m
+

N∑
i=1

qi · Fi (B.6)

= 2K +
N∑
i=1

qi · Fi (B.7)

*1 “vis” 1870 Rudolf

Clausius [25]
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lim
t→∞

1

t

∫ t

0

dG

dt
dt = lim

t→∞
G(t)−G(0)

t
= 0 (B.8)

0 = 2K +
N∑
i=1

qi · Fi (B.9)

�

B.2

Fi = −∇qi
U (B.10)

= −a(n+ 1)
N∑
j �=i

(qi − qj)||qi − qj ||n−1 (B.11)

= −a(n+ 1)
N∑
j �=i

Fi,j (B.12)

Fi,j := −a(n+ 1)(qi − qj)||qi − qj ||n−1 = −Fj,i (B.13)

K = −1

2

N∑
i�=j=1

qi · Fi,j (B.14)

i < j j < i

N∑
i�=j=1

qi · Fi,j =
∑
i<j

qi · Fi,j +
∑
i>j

qi · Fi,j (B.15)

=
∑
i<j

qi · Fi,j +
∑
i<j

qj · Fj,i (B.16)

=
∑
i<j

qi · Fi,j −
∑
i<j

qj · Fi,j (B.17)

=
∑
i<j

(qi − qj) · Fi,j (B.18)

= −(n+ 1)
∑
i<j

a||qi − qj ||n+1 (B.19)

= −(n+ 1) U(q1, · · · , qN ) (B.20)

K =
n+ 1

2
U (B.21)

�
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